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Abstract 

Legged robots are constantly evolving, and energy efficiency is a major driving factor in their design. However, combining mechanism 

efficiency and trajectory planning can be c hallenging. This w ork proposes a computational optimization fr amew ork for optimizing 
leg design during basic walking while maximizing ener gy efficienc y. We generalize the robotic limb design as a four-bar linkage-based 

design pool and optimize the leg using an ev olutionar y algorithm. The le g configur ation and design par ameters are optimized based on 

user-defined objecti v e functions. Our fr amew ork w as v alidated by comparing it to measur ed data on our pr ototype quadruped r obot 
for forward trotting. The Bennett robotic leg was advantageous for omni-directional locomotion with enhanced energy efficiency. 

Ke yw ords: computational design, robotic limb, quadruped robot, co-optimization 
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1. Introduction 

Energy efficiency has been a driving factor in the evolutionary de- 
sign of biological structures (Alexander, 1984 ; Maitra & Dill, 2015 ; 
Sharbafi & Seyfarth, 2017 ), pr oviding a ric h source of design inspi- 
ration for robots aiming at exceptional performances such as ag- 
ile locomotion (Roy & Pratihar, 2012 ) among legged robots (Biswal 
& Mohanty, 2021 ). Earlier r esearc h on the energy efficiency de- 
sign of legged robots mainly focused on energy-based indices [e.g.,
cost of transport (COT) and absolute mechanical energy (Silva & 

Mac hado, 2012 )] and mimic king the ener gy-efficient gait pattern 

fr om natur e (Hoyt et al., 2006 ; Xi et al., 2016 ). Recent r esearc h shows 
a conv er g ing design pattern with neglig ible limb inertia (Zhong 
et al., 2019 ). A widely adopted approach is to use classical mech- 
anisms, such as four-bar linkages or timing belts, in the robotic 
limbs so that the designers can arrange the actuators closer to 
the body frames for a reduced energy cost during agile locomo- 
tion (He & Gao, 2020 ). Examples include the MIT Cheetah 3 (Bledt 
et al., 2018 ), ETH SpaceBok (Arm et al., 2019 ), Stanford doggo (Kau 

et al., 2019 ), and ATRIAS (Hubicki et al., 2016 ). The design prob- 
lem becomes more challenging when considering the parametric 
c hoices, suc h as leg configurations, link parameters, and trans- 
mission radio with ambiguous trade-offs (Chadwick et al., 2020 ) 
against optimization for task-specific performances, such as en- 
er gy efficiency, whic h is virtuall y intr actable (Ha et al., 2018b ). 

The numerical a ppr oac h pr ovides an alternativ e solution to 
robot design optimization (Papalambros & Wilde, 2000 ). One can 

r esolv e the design problem by optimizing a task-based perfor- 
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ance metric, which has received considerable attention in ma- 
ipulator design for both serial (P ar edis & Khosla, 1991 ; Ceccar elli
 Lanni, 2004 ; Van Henten et al., 2009 ) and parallel types (Kim &
yu, 2003 ; Collard et al., 2005 ; Yun & Li, 2011 ). Like wise, r esearc hers
lso investigated the task-based optimal design on legged robots 
Wollherr et al., 2002 ; Yesilevskiy et al., 2018 ; Dinev et al. , 2022 ). F a-
ini et al. ( 2021 ) pr oposed a computational fr ame work to obtain
n energy-efficient monoped robot for the jumping task by opti-
izing its size and actuators. While these a ppr oac hes lead to op-

imal solutions, the resulting designs remain limited due to the
esign assumptions [e.g., simplification to 2D (Ha et al., 2016 ) or
onoped case], avoidance of discr ete par ameter (e.g., leg config-

rations), and limited expansibility to multi-tasks optimization 

cenario (Chadwick et al., 2020 ). This study aims to de v elop a com-
utational design model that sim ultaneousl y optimizes the leg
onfigurations and link parameters while quantitatively evaluat- 
ng the energy efficiency of quadruped robots in locomotion. 

.1 Kinema tic gener aliza tion of robotic limbs 

he mechanical and mechanism designs determine the primitive 
otor functions of the robotic system, such as versatility , agility ,

nd mechanical efficiency (He & Gao, 2020 ). As shown in Fig. 1 ,
he design of robotic limbs adopts kinematic chains with serial,
ar allel, or hybrid configur ations . T he serial c hains gener all y hav e
 larger workspace and higher a gility, suc h as ANYmal (Hutter
t al., 2016 ). The parallel ones have better performance in struc-
ural stiffness and payload capacity (Pandilov & Dukovski, 2014 ),
 for Computational Design and Engineering. This is an Open Access article 
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Figure 1: A gr a phical r epr esentation of the r obotic limb design 
optimization problem. After generalizing the design principles of the 
robotic limbs, one of the research questions is how to obtain the optimal 
leg design for given basic tasks and robot model parameters to w ar ds 
minimizing energy costs. 
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Table 1: A brief list of recent quadruped robots in the literature. 
The corresponding basic limb mechanisms are classified, in which 

only rigid elements are considered. 

Robot design Limb mechanism 

Stanford doggo (Kau et al., 2019 ) Four-bar linkage 
Panther (Ding et al., 2021 ) Four-bar linkage 
SpaceBok (Arm et al., 2019 ) Four-bar linkage 
MIT cheetah (Seok et al., 2013 ) Four-bar linkage 
MIT cheetah 2 (Park et al., 2017 ) Four-bar linkage 
MIT cheetah 3 (Bledt et al., 2018 ) Chain drive 
Mini-cheetah (Katz et al., 2019 ) Timing belt 
Unitree A1 (Unitree Robotics, 2023 ) Four-bar linkage 
ANYmal (Hutter et al., 2016 ) Dir ect driv e 
GOAT (Kalouche, 2017 ) P ar allel mec hanism 

StarlETH (Hutter et al., 2012 ) Chain drive 
SPOT (Moreda et al., 2016 ) Four-bar linkage 
Cheetah-cub (Spröwitz et al., 2013 ) Four-bar linkage 
Minitaur (K enneall y et al., 2016 ) Four-bar linkage 
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uch as GOAT (Kalouche , 2017 ). T he hybrid design with serial and
ar allel c hains le v er a ges adv anta ges fr om both sides, making it a
otential solution for a balanced design trade-off (Seok et al., 2013 ;
rm et al., 2019 ; Ding et al., 2021 ). 
Minimizing the leg inertia is also a major design factor to sim-

lify the dynamic model with impr ov ed tr ajectory tr ac king perfor-
ance (He & Gao, 2015 ). Three motors usually actuate each limb,

ll mounted on each corner of the body frame, including one for
otation in the frontal plane, and two for actuating a limb mech-
nism in the sagittal plane, supporting limb movement in 3D. A
oaxial motor arrangement is widely adopted for a compact form
actor driving a planar four-bar linkage, including the MIT Chee-
ah (Seok et al., 2013 ), Panther (Ding et al., 2021 ), and SpaceBok
Arm et al., 2019 ), or its variants using chain or belt transmissions
Bledt et al., 2018 ; Katz et al., 2019 ). In this way, one motor dir ectl y
rives the hip joint while the other drives the knee joint remotely
hr ough the linka ge tr ansmission. Suc h a coaxial arr angement is
inematicall y equiv alent to a fiv e-bar linka ge with a zer o-length
ase link or a four-bar linkage with a moving base (Gu et al., 2022 ).
t is also a bio-inspired solution that mimics the kinematics of
he mammalian limb, making it a widely used design for robotic
imbs in legged robots (Witte et al., 2000 ). Recently, for develop-
ng the energy-efficient dynamic locomotion controller, Ruppert
 Badri-Spröwitz ( 2022 ) also le v er a ged quadruped har dw are with

he linkage-based robotic limb. 
The kinematic generalization of a robotic limb is equivalent to

he design generalization of a four-bar linkage, which is not lim-
ted to the 2D planar motion but extends to the 3D space (Feng
t al., 2021 ). Besides the planar four-bar with parallel axis and
on-zero link length, we also have the Bennett linkages with non-
arallel joint axes (Baker, 1979 ) and the spherical linkage with in-
ersecting joint axes and zero link lengths (Chiang, 1984 ). While
he planar design is widely adopted for its simplicity in kinematic
orm ulation, other design c hoices, suc h as the Bennett and spher-
cal linkages, expand the design pool to alternative solutions less
xplored in legged robots (Gu et al., 2022 ). Recent liter atur e r eports
 large design pool of the linkage-based robotic limb (He & Gao,
020 ), pr ov en pr actical in existing quadruped r obots in Table 1 . In
ummary, ther e r emains a r esearc h ga p in a gener alized guideline
or optimizing robotic limb kinematics, which is yet to be explored
n the existing liter atur e. 

.2 Computa tional optimiza tion of robotic limbs 

he design challenge for the computational optimization of
obotic limbs is to search the optimal design parameters with am-
iguous trade-offs, including carefully considering the complex-

ty , energy efficiency , agility , and versatility , as shown in Fig. 1 . Bio-
nspiration has been proven effective in reducing the design space
n both morphology and parametric search, including Salamandra
 obotica II (Cr espi et al., 2013 ), MIT Cheetah (Seok et al., 2013 ; Park
t al., 2017 ; Bledt et al., 2018 ), StarlETH (Hutter et al., 2012 ), and
NYmal (Hutter et al., 2016 ). These designs are also limited by the
vailability of actuators and sensors during the design optimiza-
ion process (Klute et al., 2002 ). 

On the other hand, some r esearc hers pr oposed the kinematic
ndices, such as manipulability and condition number, to intu-
tiv el y quantify the robot’s performances (Olds, 2015 ; Hussain
t al., 2021 ). Optimizing the global conditioning indices over the
obot’s w orkspace allo ws the designers to obtain the optimal de-
igns with maximum workspace and average force production
Kalouche, 2017 ; Lee et al., 2021 ). Other performance criteria, such
s the accum ulativ e joint torque, maxim um joint v elocity, and
ec hanical ener gy consumption (Chadwic k et al., 2020 ), ar e also

tilized to optimize the robot morphology for a given task. How-
 v er, these performance criteria are highly task-specific, making
t difficult to e v aluate the performance of robotic designs quanti-
ativ el y. 

The computational optimization a ppr oac h solv es the pr oblem
y modeling the engineering problem mathematically and resolv-

ng the optimal solution numerically (Aalae et al., 2016 ; Lakkanna
t al., 2016 ; Chen et al., 2022 ; Wang et al., 2023 ). Since Sims’ Vir-
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Figure 2: Ov ervie w of the computational design fr ame work. With the pr er equisite of the hyper-par ameter of the design optimization pr oblem, our 
fr ame work first generates a sequence of trajectories with the minimized accumulative ground reaction force . T hen, via the inverse kinematics and leg 
Jacobian provided by the motion analysis process, our design optimization loop iterate and evaluate the robotic limb design candidates, resulting in 
the final optimal design. 
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tual Creatures (Sims, 1994 ) and W atson’ s Embodied Evolution (Wat- 
son et al., 2002 ), the genetic algorithm (GA) has been widely used 

in the robotic design optimization due to its feasibility of discrete 
changes (Koza, 1995 ; Wortmann, 2019 ). The Covariance Matrix 
Adaptation – Evolution Strategy (CMA-ES; Hansen et al., 2003 ) is a 
widel y used a ppr oac h in r obot design, including de v eloping legged 

cr eatur es (Wampler & P opo vi ́c, 2009 ), enhancing the performance 
of quadruped robots (Digumarti et al., 2014 ), and optimizing legs,
gaits, and control parameters (Silva, 2012 ; Ha et al., 2016 ; Chad- 
wick et al., 2020 ). The CMA-ES approach also addresses the draw- 
backs of the GAs, such as the limited guarantee of optimality and 

poor repeatability, by appropriately scaling the inputs and select- 
ing the population size and number of generations to a certain 

le v el (Chadwic k et al., 2020 ). 
Gr adient-based optimization a ppr oac hes hav e also been pr o- 

posed for optimizing the trajectory and leg design (Mombaur,
2009 ; Dinev et al., 2022 ). Ha et al. ( 2016 ) utilized the implicit 
function theorem to obtain the relationship between the design 

and motion par ameters, whic h pr ovided faster conv er gence and 

deeper insight into the design principle. Ho w e v er, it can handle 
the optimization problem with only continuous design parame- 
ters (e .g., link lengths , joint torque), which poses a problem when 

dealing with critical discrete variables (e.g., leg configurations). 
Alternativ el y, the r obotic limb design optimization can be for- 

mulated as a graph generation problem under the graph grammar 
and components library (Zhao et al., 2020a ). Ha et al. ( 2018a ) for- 
m ulated the r obotic optimization as a shortest path problem and 

used a combination of modular components to constitute the op- 
timal solution for motion tr ac king tasks. Man y r ecent a ppr oac hes 
also use deep learning tools for optimization design, which have 
been pr ov en suitable for co-optimizing the r obot design and con- 
tr oller (Sc haff et al., 2019 ), demonstr ating the potential to gener ate 
modified performance. Acquiring large datasets for the learning 
algorithm (Isakhani et al., 2021 ) is also computationally expensive.
Mor eov er, the Sim2Real ga p might degr ade the performance of the 
policies when transferring the models into real robots (Zhao et al.,
2020b ). 
.3 Contributions and paper outline 

his study presents a computational design method for robotic 
imbs of quadrupeds aiming at an energy-efficient optimization in 

ait planning (see Fig. 2 ). We begin by generalizing the kinemat-
cs of robotic limbs using the overconstrained design of a four-bar
inkage . T he re presentati ve design pool generated includes robotic
imbs with planar, serial, Bennett, and spherical configurations,
s shown in Fig. 3 . Next, we formulate the computational opti-
ization problem using a deri vati ve-free approach to incorporate

he r obot’s ener gy efficienc y during forw ar d, lateral, and turning
asks. Finally, we conducted experiments through reconfigurable 
uadruped har dw ar e with r eplacement limbs and verified the ef-
ectiveness of the proposed method. Contrary to common prac- 
ice, we found computational design evidence that the overcon- 
trained limb design using the Bennett linkages shows more effi-
ient energy consumption during lateral and turning tasks while 
eing competitive in forw ar d w alking. Contributions of this study
re listed as the following. 

1. Proposed a parametric design of overconstrained robotic 
limbs with generalized morphology; 

2. De v eloped a computational design fr ame work for overcon-
str ained r obotic limbs by optimizing ener gy-r elated metrics
for forw ar d, lateral, and turning tasks, and benchmarked
the performances in simulation; 

3. Validated the energy efficiency metrics with the identical 
trend using a reconfigurable quadruped prototype and em- 
piricall y v alidated the superior walking of Bennett r obotic
limbs in omni-directional locomotion. 

In the rest of this study, Section 2 presents the generalization
f linka ge-based r obotic limbs and optimization pr oblem form u-
ation based on an energy-efficiency metric. Validation with hard- 
are experiment and further discussion are enclosed in Section 3 .
ection 4 presents the conclusion, limitations, and future work,
hich concludes this study. 



4 | Over constr ained Robotic Limbs using Energy Efficient Computational Design 

Figure 3: We unify the existing practical robot limb design as a generalized four-bar mechanism, leading to a large linkage-based robotic limb design 
pool for comparing various leg configurations . T he kinematic constraints and design parameters for specific designs are listed. The engineering 
pr ototypes ar e fabricated by 3D printing using n ylon material, sharing the same thr ee-motor actuation module used in the har dw are experiments 
later. 
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. Method 

.1 Parametric design generalization of robotic 

limbs 

e propose a parametric design generalization method for robotic
imbs by reconfiguring the kinematic constraints, as shown in
ig. 3 . We structur all y form ulate an y r obotic limb as a gener alized
our-bar linkage defined by the design parameters, including link
engths a , b , c , d and twist angles α, β, γ , δ follo wing the standar d
ena vit–Hartenberg con vention (Dena vit & Hartenberg, 1955 ). For

otary joints, we set up all offsets as zeros and all r e volute v ari-
bles for motion generation. One can set the offsets as control
 ariables and r e volute v ariables as design par ameters for pris-
atic joints. We also introduce a spherical radius r as a design pa-

ameter. Links with non-zero lengths are mathematically equiva-
ent to a spherical link with an infinite radius r . When spherical
adius r is a fixed value, we can produce a spherical link with in-
ersecting joint axes. As a r esult, we ac hie v ed thr ee link designs
y changing the relationship among these design parameters, in-
luding the planar link, twisted link, and spherical link. 

� The planar link is the simplest case where the joint axes are
parallel ( α = 0, a � = 0, and r = ∞ ). Theor eticall y speaking, the
offset values are usually set as zeros. Engineers usually in-
troduce offsets in a cycle of positive and negativ e v alues in
adjacent links to avoid physical collisions. This also applies
to the design of twisted and spherical links. 

� The twisted link is similar to the planar one except for a non-
zero twist angle ( α � = 0, a � = 0, and r = ∞ ), resulting in a pair
of non-parallel joint axes. In this stud y, the y are used for the
ov erconstr ained linka ges, and a Bennett ratio between the
link length and the sine of twist angles may be further in-
troduced as a constraint. 
� The spherical link is a special case with intersecting joint
axis and non-zero arc length ( α � = 0 and a � = 0). The spher-
ical radius r is now a fixed value C and designed as a link
on a spherical workspace (Lum et al., 2004 ). This is a com-
mon design a ppr oac h called the alternativ e form, whic h is
very flexible based on the need for expression or engineering
con venience . 

.1.1 Linkage-based limb configurations 
ext, we summarize four linkage-based design specifications
ased on the gener alized r obotic limb: planar, serial, Bennett, and
pherical limbs. All designs presented here leverage a coaxially ar-
anged dual-actuator design to enable leg motion through a link-
 ge tr ansmission (or its variants). Some can dir ectl y ac hie v e 3D
otion using two actuators, such as the Bennett Limb and the

pherical Limb, while others must add a third motor on the hip
oint to enable 3D spatial motion. 

� The Planar Limb is when only planar links are used, as shown
in the kinematic illustration and practical rendering. In this
case, all twist angles are zero for the four links. Although one
can c hoose differ ent lengths for the four links, a common
practice is to make the two links closer to the body equal and
smaller than the other two equal links closer to the ground.
For example, the Minitaur by Ghost Robotics (K enneall y et al.,
2016 ) and the Stanford Doggo (Kau et al., 2019 ) are prototypes
adopting such a design configuration. The symmetrical par-
allel configuration enables a lightweight design and a wide
range of motion actuated by only two motors. Howe v er, it is
limited in 3D motion due to the lack of a hip joint, making it
challenging to turn on the spot. 

� The Serial Limb presented here is probably the most widely
adopted design configuration for many modern quadrupeds.
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It is kinematicall y equiv alent to a serial two-bar open chain 

but designed as a closed-loop four-bar planar linkage with 

an extended foot or lo w er limb . W ithin the four-bar loop , the 
opposite links are designed with equal lengths but adjacent 
links are designed with a large ratio in length to achieve agile 
locomotion and compact design. Examples such as the Chee- 
tah robot by MIT (Seok et al., 2013 ), Panther by KAIST (Ding 
et al., 2021 ), and A1 by Unitr ee (Unitr ee Robotics, 2023 ) all 
adopted this leg configuration. 

� The Bennett Limb is a new design reported recently (Feng et al.,
2021 ) that uses the twisted links sharing the same Bennett 
Ratio ( a /sin α = b /sin β) to form a Bennett linka ge as a r obotic 
limb. This design le v er a ges the spatial motion of twisted links 
to enable movement in 3D space actuated by two motors in 

each limb (Gu et al., 2022 ). Alternativ el y, one can add a hip ac- 
tuator to further expand its manipulability in a robotic limb,
which will be demonstrated later in this study. 

� The Spherical Limb is also a new design that has been well- 
r esearc hed r egarding its kinematics but reported here as a 
robotic limb for the first time in liter atur e (to the best of our 
knowledge). It applies the same working principle in design 

but uses the spherical link as the basic unit of the linkage.
Similar to the Bennett limb, it can ac hie v e spatial motion us- 
ing only two actuators but is compatible in design to add a 
third motor to the hip joint. 

2.1.2 Design reconfiguration of robotic limbs 
The w orkflo w summarized in Fig. 3 describes our proposal for 
par ametricall y gener alizing r obotic limb designs. We assume all 
designs share the same three-actuator configuration with a hip 

joint mounted to the body frame, intersected with two actuators 
in a coaxial arrangement, connected with two links of a four-bar 
linkage either in a planar, serial, Bennett, or spherical configura- 
tion. The follo wing sho ws ho w one can r econfigur e these design 

parameters to obtain different limb designs. Note that one can 

start from any of these designs to get the others, making the pro- 
posed method a robust pipeline for parametric design generaliza- 
tion of robotic limbs. 

(1) Start with the Bennett Limb configuration as the initial de- 
sign, where sin α/ a = sin β/ b , and r = ∞ . 

(2) Next, we can obtain a Spherical Limb by setting all link 
lengths to zero to relax the Bennett Ratio constraint. Af- 
ter doing so, we can set different values for the arc lengths 
(or twist angles) and introduce r = C to obtain a closed loop 

on a sphere. 
(3) Alternativ el y, we can obtain a Planar Limb by changing 

the twist angles to zero to relax the Bennett Ratio con- 
straint. After doing so, we can set different values for the 
link length as long as we can obtain a closed-loop linkage. 

(4) Finally, we can obtain a Serial Limb by assigning different 
sets of length values for the link and extending the Planar 
Limb’s tip length to L s . 

2.1.3 Kinematics of the generalized robotic limbs 
The kinematic analysis involves mapping configuration space to 
joint space and the Jacobian between the linear and angular ve- 
locities in the corresponding workspace. We assume that all limb 
configur ations featur e a lightweight design with negligible inertia.
It is equivalent to modeling the limbs as an open serial chain with 

all motors closer to the body center. Among the three motors, one 
actuates the hip, and the other two are placed coaxially, indepen- 
dently actuating the thigh and knee joints. As a result, we can use 
he same actuator layout to accommodate four sets of r epr esen-
ativ e limb configur ations for a gener alized kinematic anal ysis for
arametric limb design optimization. 

We formulate the forw ar d kinematics of the generalized robotic
imb using the product of the exponential formula (Lynch & Park,
017 ) as 

T = e [ S 1 ] θ1 e [ S 2 ] θ2 e [ S 3 ] θ3 P 0 , (1) 

here S k ∈ R 

6 is the initial velocity screw of joint k ( k = 1, 2, 3), θk is
he corresponding joint angle, and P 0 ∈ SE (3) is the initial position
f the foot tip. The detailed derivation of the forw ar d kinematics
s enclosed in Appendix A . Similarl y, the inv erse kinematics (IK)
f the involv ed r obotic limbs can be r esolv ed anal yticall y. And the
etailed derivation of the IK is enclosed in Appendix B . 

The space Jacobian J s ( θ ) relates the joint angular velocity vec-
or ˙ θ to the foot’s scr e w v elocity V ∈ R 

6 . Using q i to r epr esent the
ctuator rotation for each joint, the leg Jacobian J(q ) ∈ R 

6 ×3 can be
eriv ed by m ultipl ying J s ( θ ) and deriv ativ e of joint angle for actu-
tor angle . T her efor e, the v elocity scr e ws V of the foot can also be
btained as the following: 

V = J S (θ ) ̇ θ = [ J S 1 J S 2 J S 3 ] 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

∂θ1 

∂q 1 

∂θ1 

∂q 2 

∂θ1 

∂q 3 
∂θ2 

∂q 1 

∂θ2 

∂q 2 

∂θ2 

∂q 3 
∂θ3 

∂q 1 

∂θ3 

∂q 2 

∂θ3 

∂q 3 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

˙ q = J(q ) ̇ q , (2) 

here J S k = Ad e [ S 1 ] θ1 ···e [ S k −1 ] θk −1 (S k ) . Note that the robotic limbs’ actua-
or torque can be estimated using the leg Jacobian τ = J ( q ) T f , where
 refers to the ground reaction force. 

.2 Formulating the optimization problem 

s shown in Fig. 2 , the proposed computational fr ame work in-
olv es thr ee sta ges. Firstl y, users define the basic par ameters of
obots and tasks . T hen, according to the given setting, our tra-
ectory optimization algorithm generates a sequence of ground- 
eaction forces with minimized motion energy trajectories. Fi- 
ally, we optimize the leg configuration and design parameters 
o solve for a design with the highest energy efficiency. For ver-
atility, the fr ame work aims at guiding the user to find a pr oper
et of robotic limb design parameters in the early stage while also
uggesting the detailed parameters of the limb with analytical jus-
ification. 

We implemented the optimization with the following assump- 
ions. First, we assume that the locomotion tasks can be described
y the robot’s center of mass and feet and are independent of the
eg configuration and design parameters. Next, we consider that 
he optimal trajectories would result in proper limb design space
or given tasks . Moreo ver, we restrict our attention to analysing
he disparate leg configuration and parameters rather than other 

or phological featur es suc h as extr a compliant elements or flex-
ble spines. Finally, we leverage the kinematic generalization of 
he link mechanism to make the trade-off between disparate limb
onfigurations. In the following sections, we address the optimiza- 
ion problem to solve for a limb configuration and design param-
ters of a quadruped robot against its energy efficiency for simple
asks such as forw ar d, lateral, and turning on the spot. 

.2.1 Trajectory optimization formulation 

igure 4 shows the complete trajectory optimization formulation.
he algorithm allows the users to transfer the basic robot param-
ters , desired tasks , and pr eferr ed gait patterns into the pr oposed
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Figure 4: Formulation of the trajectory optimization problem. 
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r ajectory optimization pr oblem. Her e, the users should pr ovide
he whole robot design parameters, including the mass of robot
 and Cartesian inertia tensor I , as well as the nominal center of

oot tips (end-effectors) and their boundary size . T hese parame-
ers, defined befor e tr ajectory optimization, ar e not activ el y up-
ated in the other robotic limb design optimization loop. On the
ther hand, the initial state r 0 , desired state r g , gait pattern, time
uration T , time interval 	T , the number of steps n s , and other
ask-related information should also be provided for the specified
asks. 

As a result, we use the single rigid body dynamic model
SRBDM) to describe the dynamic c har acteristics of the simplified
obot model (Winkler et al., 2018 ). Note that the dynamic effects
aused by the legs during locomotion tasks ar e ignor ed during the
ptimization based on the assumptions abo ve . 

⎧ ⎨ 

⎩ 

∑ 4 
i F i = m ( ̈p c + g) , ∑ 4 
i (p i − p c ) × F i = I c ̇  ω c + ω c × I c ω c . 

(3) 

T he abo v e dynamic model r elates the tr anslational Center of
ass (CoM) acceleration p̈ c ∈ R 

3 and body angular acceleration
˙  c ∈ R 

3 ×3 to the gr ound r eaction force of each foot F i ∈ R 

3 , i =
 1 , 2 , 3 , 4 } . Here, m is the total mass, g is the gravity vector, I c ∈ R 

3 ×3 

s the centroidal rotational inertia of the body, and p i ∈ R 

3 is the
osition of the feet. For this stage, we model the robotic limbs as
he distal contact points whic h r elate the CoM of the robot and
he environment, describing the contact behaviors. Besides the
ynamic relationship, the kinematic characteristic between the
oot position and mass center of the robot can be defined as 

p i (t) ∈ R i ( r( t) , θ ( t)) , (4) 

here R i ∈ SO (3) is the matrix from the world to the body frame.
e a ppr oximate the w orkspace of the foot b y an ellipsoid of radii

ength a , b , c , centered at the foot’s nominal position. Additionally,
ther constraints such as the terrain height and friction cone are
nforced for each foot contact point during motion. Note that the
imb configuration and parameter would not be considered in the
rajectory optimization stage since they are represented by the
ontact points with physical constr aints, ac hie ving high v ersatil-
ty of disparate design. 

Ther efor e, at eac h discr ete fr ame, the instantaneous state of
obot s t = [ r t , θ t , p t , i , F t , i ] can be r epr esented by the CoM posi-
ion r t ∈ R 

3 , orientation θt ∈ R 

3 , each foot’s contact position p t , i and
ontact force F t , i , where i refers to the leg index. For a given task
uration time T and time interval 	T , the locomotion trajectory
 = [ s 0 , ..., s T ] is a sequence of discrete data that aggregates the

tate of the simplified robot at e v ery single fr ame . T he contact
oint states are parameterized for continuity and to reduce the
umber of v ariables. Her e, we use multiple fifth-order polynomi-
ls to r epr esent the stance force and set zer o force for the swing
hase. For each foot’s motion, we utilize multiple compound cy-
loids (Wu et al., 2009 ) to r epr esent per swing phase and a constant
alue for the stance phase . Hence , the variables of the trajectory
ptimization pr oblem ar e the states of mass center and param-
terized foot motion and force X T = [ r, θ, p(t) , F (t)] . The objective
unction is defined as the sum of weighted cum ulativ e contact
orce, acceler ation, and v elocity, to w ar ds minimizing the energy
ost of locomotion task in the trajectory planning sta ge, whic h is
iven by 

E(X T ) = 

∑ 

t 

( 

w 1 ( ̈r 2 + θ̈2 ) + w 2 

∑ 

i 

f 2 i + w 3 ( ̇ r 2 + 

˙ θ2 ) 

) 

, (5)

here w 1 , w 2 , and w 3 are set as 0.01, 0.0001, and 1 for practical
xperiments, r espectiv el y. Ther efor e, we tr anscribe the trajectory
ener ation pr oblem into the following optimization pr oblem with
nite decision variables and non-linear constraints, which is solv-
ble by non-linear pr ogr amming pr oblem solv ers. 

.2.2 Design optimization of robotic limbs 
he next step is to find the optimal leg configuration and design
ar ameters fr om the gener alized limbs to w ar ds energy-efficient
ptimization, as shown in Fig. 2 . The first step is to transfer the
oot’s contact position p i from the world coordinate to the corre-
ponding leg coordinate . T hen, once the leg configuration is given,
e can anal yticall y calculate the IK of the limbs, ma pping the end-
ffectors’ position p ∈ R 

3 to actuators’ angle q ∈ R 

3 , and the de-
ailed analytical inverse solution of generalized robotic limbs can
e r eferr ed in Appendix B . Note that the numerical method can
lso r esolv e the IK pr oblem r elativ el y with mor e computing time.
nd the next step is to calculate the r equir ed actuators’ torque,
hic h is r elated to the contact for ce of feet. Since w e adopt the

obotic limb with light-weighted 3D-printed parts and the proxi-
al actuator arrangement, the dynamic effects are negligible for

oth swing and stance in this study. It is a reasonable assump-
ion when the limbs are light enough, and the generated motion is
low. The torque caused by the acceler ation-r elated parts is minor
o the torque associated with the contact force F i ∈ R 

6 ×1 . There-
ore, the joint torque is determined by 

⎧ ⎨ 

⎩ 

τstance = J(q ) T F i , 

τswing = M ( q ) ̈q + C( q, ˙ q ) + g( q ) = 0 , 
(6)

here J(q ) ∈ R 

6 ×3 is the Jacobian matrix of the r espectiv e limb. This
implification is also beneficial for ignoring the small weight vari-
tion of robotic limbs during the optimization process . T he abo ve
ssumptions would break down for quadruped robots with high
ynamic motion and heavy limbs. Ho w e v er, these kinds of robots
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ar e also poorl y described by the SRBDM and thus out of the scope 
of this study. 

After the motion anal ysis sta ge, the next step is to e v aluate 
and update the limb configuration and design parameters. Since 
the formulated problem is non-linear and non-smooth, CMA-ES, 
a numerical and deriv ativ e-fr ee method, is le v er a ged to optimize 
the limb design (Hansen et al., 2003 ). A set of initial candidate de- 
signs ar e cr eated, follo w ed b y e v aluating their performance via 
an objective function which we try to minimize . T hen, the design 

parameters of individuals are updated by repeating the interplay 
of variation and selection to w ar d seeking the design parameters 
with minimum cost (Golberg, 1989 ). Various optimization metrics 
can be utilized here, for example, the COT, which is one of the most 
widely used metrics for comparing locomotion efficiency among 
quadruped robots and is defined as the av er a ge input po w er re- 
quir ed to tr ansport a r obot with mass m at constant linear ve- 
locity v and earth gravity g (Seok et al., 2013 ). Some other widely- 
used metrics include the cum ulativ e joint torque, mec hanical en- 
er gy, and mec hanical COT (Chadwic k et al., 2020 ). Her e we consider 
proposing the mechanical energy efficiency (MEE) metric to satisfy 
the trade-off between the discrepancy and similarity of multiple 
tasks, 

η = 

E T 
E M 

. (7) 

MEE is the minimum task energy E T ratio to the mechanical en- 
ergy consumption E M 

. Since we leverage the single rigid body 
model to describe the dynamic c har acteristics of the robot, the 
minim um ener gy consumption E T during eac h task can be ob- 
tained by the integral of the energy change of the main body, 

E T = 

∫ T 

0 

( 

| ̇ r ( t) 
∑ 

i 

f i ( t) | + | ̇ θ ( t) τ ( t) | 
) 

dt, (8) 

where f i ∈ R 

3 , i = { 1 , ..., 4 } is the contact force of each foot. ˙ r ∈ R 

3 ,
˙ θ ∈ R 

3 and τ ∈ R 

3 are the linear velocity, angular velocity, and 

torque of bod y, respecti vely. The minimum task energy consump- 
tion E T r epr esents the lo w est r equir ed ener gy for the simplified 

robot to implement a specific task. Note that the minimum task 
energy consumption E T is only related to the task itself and does 
not change with the design iteration of robotic legs . Furthermore ,
once the trajectory optimization of the task is finished, its E T 
would also become a constant value. On the other hand, mechan- 
ical energy consumption is defined as the cumulative mechanical 
energy of all the actuators as follows: 

E M 

= 

∫ T 

0 

( 

12 ∑ 

n =1 

| τn (t) ω n (t) | 
) 

dt, (9) 

in which τn ∈ R , n = { 1 , ..., 12 } is the actuator torque and ω n is the 
corr esponding angular v elocity. The mec hanical ener gy consump- 
tion E M 

is closel y r elated to r obotic limb design and tasks. Regard- 
ing a task-specific optimization problem, the robotic limb design 

with the lo w er mec hanical ener gy consumption E M 

is pr eferr ed.
Hence, as a dimensionless scaled index, MEE metric η can be uti- 
lized to equiv alentl y compar e the performance of robotic limb de- 
sign under different tasks . T he user-defined optimization goal is 
the linear combination of weighted task-specific energy efficiency 
metrics, leading to the robotic limb design with the most compre- 
hensiv e ener gy-efficient performance under the giv en basic tasks 
as targets, 

G ( X ) = w η + w η + ... + w η . (10) 
D 1 1 2 2 n n 
. Results and discussion 

e conducted three sets of experiments, including (i) the hard-
are test for direct comparison of the generalized limbs against
nergy efficiency and robotic limb design optimization against 
ait tr ajectory gener ation for (ii) a single task and (iii) multiple
asks, follo w ed b y a discussion of the corr esponding r esult. Please
nd a video demonstration of the results in Appendix C . 

.1 Hardw are v erifica tion for gener alized limb 

design 

e tested the proposed framework to optimize the robotic limb
esign of a prototype quadruped har dw are . T he detailed parame-
ers of quadruped and the additional settings are listed in Table 2 .

e specified forw ar d locomotion, lateral locomotion, and turning
n the spot as the target tasks in the optimization stage. In the tra-
ectory optimization stage, the number of discrete frames is set to
0, with a time interval from 0.033 to 0.05 s for tasks under differ-
nt velocities . T he optimized tr ajectories wer e obtained by Inte-
ior Point Method solver with a python wr a pper (Ipopt; Wäc hter
 Biegler, 2006 ). We set the maximum number of iterations for the

olver to 2000, and the av er a ge solving time is about 2.5 h. In the
obotic limb optimization stage, we implement the open-source li- 
rary PYCMA (Hansen et al., 2019 ) and speed up the calculation by
roviding the analytical IK solution of the candidate leg configura-
ion. The most time-consuming step is e v aluating eac h individual
ith an av er a ge of 0.4 s. The population size and the number of

enerations should be greater than 20 and 100 to obtain consis-
ent results, and the av er a ge computation time is about 40 min.
he r esults wer e computed using Intel Cor e i5-11400F 2.9GHz CPU.

We validate our algorithm via a small quadruped har dw are
ith replaceable 3D-printed robotic legs, as shown in Fig. 5 .
he robot adopted the design of arranging actuators near CoM,
c hie v ed by coaxial output flange design, towards being consis-
ent with the SRBDM. The leg links are fabricated by PA-12 (or Ny-
on 12) for their mechanical strength and high tenacity, and the
eg tip is coated by silicone hemisphere (Dragon skin 10). Each leg
as three Dynamixel XM-430 W-210-R servos with 3.0-Nm stall 
orque at 12.0 V. An external computer is connected to the robot to
eplay the planned motion without involving any additional bal- 
nce controller. And the po w er of the robot is also supplied by an
xternal stabilized voltage source. 

Thr ee r obotic legs with differ ent configur ations and par ame-
ers are involved, including the Bennett type, planar type before
ptimization, and optimized planar type. All robotic legs share the
ame cross-section and total length. During the experiment, we 
sed an Intel RealSense camera to record the displacement of the
obot by the attached ArUco marker (Garrido-Jurado et al., 2014 ),
s well as tr ac king its pose via an inertial measurement unit. Ad-
itionall y, the tether ed computer could r eceiv e and r ecord the ser-
os’ position and current feedback. 

For validation, we replay the same forw ar d locomotion trajec-
ory, whic h is gener ated and optimized by the algorithm in the
ection. 2.2 , via the above three types of robotic legs. Equation ( 9 )
an obtain the theoretical mechanical energy po w er for different
eg configurations. Regarding the hardware experiment, since the 
ctuators do not have torque senor, the measur ed mec hanical en-
rgy po w er is calculated b y m ultipl ying the actual input electric
o w er b y the efficiency factor. Figure 6 presents the mechanical
nergy cost and actuator current for various leg configurations to
eplay the same trajectory. Both of these three types of legs were
anked by the theoretical and measured results, which have sim-
lar trends and order in ranking. After normalization, the theoret- 
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Table 2: The parameter setup for the trajectory optimization stage and the penalty terms for the design optimization stage. Note that 
the avoidance of collision and IK accuracy are imposed during the stage of limb design optimization but without a specific boundary 
value. 

Tr ajectory optimiza tion stage 

Duration time: 2.67 s/3.2 s/4.0 s Number of frame: 80 Body height: 0.138 m 

Number of step: 4 Task type: forw ar d/lateral/turning Friction coefficient: 0.9 
Robot mass: 2.2 kg Boundary size: [0.06 m, 0.04 m, 0.03 m] Max iteration number: 2000 
Gait type: Trotting/bounding Foot position: [0.137 m, 0.138 m, −0.138 m] Gr avity v ector: [0,0,−9.81m s −2 ] 

Robotic limb design optimization stage 

Soft constraints Value Soft constraints Value 

Actuator limit output torque 3.0 Nm Total leg length 0.2 m 

Actuator limit angular velocity 50 rad s −1 Avoid leg collisions No collision 
Limit allo w able angle 3.14 rad Tr ac king err or IK accuracy verification 

Figure 5: (a) Hardware verification setup. (b) Overlaid snapshots of a quadruped with Bennett robotic limb for forw ar d locomotion task. (c) Overlaid 
snapshots of a quadruped with a nominal planar robotic limb. (d) Overlaid snapshots of a quadruped with an optimized planar robotic limb. 

F igure 6: Har dw ar e experiment r esults by comparing the measur ed data a gainst the sim ulated r esult for nominal and optimized designs, whic h show 

the same trend. 



Journal of Computational Design and Engineering, 2023, 10(5), 1–16 | 9 

Table 3: Robotic limb optimization results for the basic tasks un- 
der different speeds. 

Energy efficiency under different leg 
configur a tion (after optimization) 

Task type 

Task 
energy 

cost [J] E 

Bennett 
leg [%] 

E B 

Planar 
leg [%] 

E P 

Serial 
leg [%] 

E S 

Spherical 
leg [%] E Sp 

Forw ar d (dis = 0.4 m) 
0.100 m s −1 8.08 75.75 94.06 67.10 84.35 
0.125 m s −1 6.90 78.56 89.32 61.82 84.63 
0.150 m s −1 6.31 55.82 67.20 52.17 64.77 

Lateral (dis = 0.4 m) 
0.100 m s −1 8.92 93.30 65.24 58.38 53.68 
0.125 m s −1 7.43 78.10 54.03 53.32 47.97 
0.150 m s −1 7.83 89.68 67.40 67.49 60.20 

Turning (ang = 2 rad) 
0.500 rad s −1 8.28 90.85 75.97 65.67 62.71 
0.625 rad s −1 7.35 92.06 69.39 62.28 60.13 
0.750 rad s −1 6.39 76.96 60.42 56.67 54.18 
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ical cost matched the measured one with a relatively small aver- 
a ged mean-squar e err or of 0.0042, indicating the effectiveness of 
the proposed method in the application. 

3.2 Computational limb design for a single task 

After verifying our design framework in the hardware prototype,
we a ppl y the optimization to the platform with the same initial 
setup parameters (see Table 2 ) for comparing the performance of 
specific leg configurations under disparate basic locomotion tasks, 
r espectiv el y. Her e, we still choose MEE as the performance metric 
for all the tasks, to w ar ds diminishing the diversities of tasks and 

ac hie ving pr actical comparison among div erse leg configur ations.
In the task selection le v el, we focused on the omni-directional 
locomotion ability of quadruped robots . Hence , three basic sub- 
tasks were separated, including forw ar d locomotion, lateral loco- 
motion, and turning on the spot. In the limb optimization le v el,
we took the link length and the particular parameters of corre- 
sponding leg configuration (twist angle for Bennett robotic legs 
and link radius for spherical ones) as the optimization variables.
Meanwhile, the total leg length, the cross-section of the link, and 

the material were imposed constraints to maintain a similar total 
mass and centroidal inertia tensor and reinforce the SRBDM as- 
sumption. The leg layout was set to a mammal with a symmetrical 
arr angement. Additional r obotic limb optimization setup par ame- 
ters and soft constraints were listed in Table 2 , including physical 
and har dw ar e-le v el constr aints, ensuring the final design’s physi- 
cal feasibility. 

We generated the three kinds of basic tasks’ trajectories un- 
der the same initial robotic setup parameters with the only dif- 
ferences in motion velocity. Then, we optimized the diverse leg 
configurations in the four-bar family (Bennett robotic leg, planar 
one , serial one , and spherical one) for each task, r espectiv el y, to- 
w ar ds sear ching the best performance each leg configuration can 

ac hie v e for the given basic tasks and design setup parameters (see 
Table 3 ). As illustrated in the table, when only the forw ar d loco- 
motion task was involved as the optimization target, the planar 
linka ge-based r obotic legs hav e the best performance in energy 
efficiency (83 % in av er a ge), followed by the spherical ones (78 % ),
Bennett ones (70 % ), and serial ones (60 % ), successiv el y. Ho w e v er,
when optimizing the performance in lateral locomotion tasks, the 
ennett robotic leg configuration demonstrates a relatively signif- 
cant superiority in the MEE metric, about 87 % , reflecting the po-
ential adv anta ges of Bennett robotic legs in lateral locomotion.
n the other hand, only 55 % –65 % energy efficiency radio can the
lanar robotic leg achieve in this kind of task, similar to the serial
nd spherical ones. Finally, for the turning-on-spot tasks, the spa-
ial Bennett robotic legs still have outstanding MEE metric values
85 % on av er a ge), follo w ed b y the planar ones. And the spheri-
al robotic legs still have relatively inferior performance in these
asks. 

Se v er al k e y findings of the optimization results are follo w ed.
irst, optimizing link length and parameters results in a signif-
cant torque reduction rather than decreasing the joint angular 
elocity. This is also consistent with the trend observed in the
ar dw ar e experiments, in whic h the actuators’ peak curr ent no-
abl y decr eased. Although less significant, the ener gy-efficient de-
ign prefers reducing the length of the thigh link and increasing
he length of the shank link to w ar ds reducing the moment arm
f the joint, which is also observed by (Ha et al., 2018b ; Chadwick
t al., 2020 ). Secondly, we found that when it comes to optimiz-
ng lateral locomotion, the limb design prefers the symmetrical 
high with a r elativ el y longer length, e v en though ther e ar e no
onstraints on the symmetry of a single leg (see Fig. 7 ). An interest-
ng phenomenon for the spherical limbs is that the optimized de-
ign trend selects the link with the maximum radius, which may
erform similarly to the planar ones. 

These examples demonstrate that a remarkable enhancement 
n the MEE metric for a given task is possible by optimizing the
eg configuration, link length, and other parameters but may 
ave detrimental effects on different tasks. Compared with opti- 
izing link parameters, sorting the appropriate leg configuration 

ight be m uc h mor e pr oductiv e in pr omoting the performance
f quadruped design. Furthermor e, an y leg configur ations might
ave potential benefits for specific tasks. Ther efor e, in the general
ase, the designer should pursue the design parameters with the
ost compr ehensiv e performance for all tasks involv ed. 

.3 Computational limb design for multiple tasks 

n addition to optimizing and comparing leg configuration on ev-
ry task, we a ppl y the pr oposed fr ame work to the current robotic
latform to optimize the limb design under multiple target tasks.
he optimization metric is the linear combination of weighted 

ask-specific energy efficiency ratio, indicating a comprehensive 
 v aluation of the in volved tasks . Note that the task weight factor
election would have a crucial influence on the final optimiza-
ion result. In the general case, this user-defined parameter is de-
ermined by the possible working scenarios and the frequency of
ach task. This study focuses on the all-around performance of all
he basic sub-tasks to w ar ds energy-efficient omni-directional lo-
omotion capability on flat gr ound. Ther efor e, we select all three
ypes of basic sub-tasks (forw ar d locomotion, lateral locomotion,
nd turning on the spot) as the optimization goal and give the
ame weight factor w = [1, 1, 1]. 

Table 4 summarizes the optimized parameters and metric 
alue. We can find that the Bennett robotic limb has the most out-
tanding energy efficiency performance among these leg mecha- 
isms for given robot basic design parameters and task weight,
hich is also consistent with the results shown in Section 3.2 to
 certain degree. Except for the planar robotic limb, the other two
inds of design show an a ppar ent disparity compar ed with the
ennett one, which is about 20 % descent. In contrast, optimiz-

ng the link parameters for a given leg configuration has a rela-
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Figure 7: Nominal and optimized design for hardware platforms. Top to bottom row: Bennett linkage robotic limb (red); planar linkage robotic limb 
(orange); serial robotic limb (green); spherical linkage robotic limb (grey). 

Table 4: Robotic limb optimization results for multiple tasks with equivalent weight. The value of optimization metric G is the linear 
combination of three basic tasks with the same task weight. And the 	G represent the change rate of the final result concerning the 
nominal Bennett design (the value in the brackets represents the increasing rate compared with the design before optimization). 

Design parameter Optimization metric 

Link length [mm] (twist angle [deg] or radius [mm]) Tip length [mm] Multi-primiti v e EE 

w = [ 1, 1, 1 ] a ( α) b ( β) c ( γ) d ( δ) L s G �G [ % ] 

Bennett 
Nominal 100.00 (135.00) 100.00 (45.00) 100.00 (135.00) 100.00 (45.00) – 2.3065 - ( −) 
Max. MEE 112.59 (111.67) 87.41 (46.18) 112.59 (120.52) 87.41 (46.18) – 2.3940 + 3.79 ( + 3.79) 

Planar 
Nominal 100.00 ( −) 100.00 ( −) 100.00 ( −) 100.00 ( −) – 1.7450 −24.34 ( −) 
Max. MEE 76.92 ( −) 123.08 ( −) 149.68 ( −) 50.32 ( −) – 2.0360 −11.73 ( + 16.68) 

Serial 
Nominal 100.00 ( −) 30.00 ( −) 100.00 ( −) 30.00 ( −) 97.00 1.6835 −27.01 ( −) 
Max. MEE 113.82 ( −) 42.71 ( −) 113.82 ( −) 42.71 ( −) 70.48 1.7481 −24.21 ( + 3.84) 

Spherical 
Nominal 100.00 (300.00) 100.00 (300.00) 100.00 (300.00) 100.00 (300.00) – 1.6847 −26.96 ( −) 
Max. MEE 72.26 (399.82) 127.73 (399.82) 149.97 (399.82) 50.03 (399.82) – 1.8951 −17.84 ( + 12.49) 
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e  
iv el y mirr or ed impr ov ement of the performance metric (nearly
 % –15 % ). Note that the abov e r esults ar e also r elated to the selec-
ion of initial design par ameters. Mor e specificall y, if the optimiza-
ion starts with a given initial design close to the optimal result,
he conv er gence speed would incr ease, and the impr ov ement r atio

ight not be significant. Meanwhile, the designer can also con-
urr entl y implement m ultiple optimizations with the r andoml y
ampled initial designs for optimality. 

According to the above optimization results of the robotic limbs
or m ultiple tasks, se v er al k e y findings are listed. First, a possi-
le significant impr ov ement of the performance metric can be
c hie v ed b y emplo ying the pr oper leg mec hanism or configur a-
ion rather than optimizing the continuous link parameters for a
pecific limb design. In other w or ds, although no unique winning
eg configuration is optimal for all tasks, identifying the appro-
riate leg mechanism is crucial. Achieving the optimal trade-off
mong possibly contradicting task requirements might lead to a
ompr ehensiv e and pr actical design between one extreme design
nd the other one. Finally, the spatial ov erconstr ained r obotic limb
Bennett linkage in this study) may have the possible advantage
n improving the all-around performance, specifically, the energy
fficiency of omni-directional locomotion. While above findings
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Table 5: Robotic limb optimization results for different task weights. 

Task 
weight 

Bennett limb Planar limb Serial limb Spherical limb 

F [%] L [%] T [%] G F [%] L [%] T [%] G F [%] L [%] T [%] G F [%] L [%] T [%] G 

w A 71.5 77.1 90.6 0.79 83.0 51.7 68.8 0.67 61.2 53.0 60.5 0.57 82.0 47.3 60.0 0.62 
w B 71.8 76.7 90.5 0.80 83.2 52.9 69.6 0.72 60.9 52.8 61.0 0.59 82.1 47.3 60.0 0.66 
w C 78.5 Fail Fail 0.78 89.7 34.5 47.4 0.89 61.8 53.2 57.7 0.61 84.6 Fail Fail 0.84 
w D 69.5 78.1 88.8 0.78 79.3 54.0 66.5 0.54 61.7 53.3 58.9 0.53 71.9 47.8 58.2 0.47 
w E 67.4 74.1 92.1 0.92 83.0 52.8 69.6 0.69 58.5 50.3 62.2 0.62 82.8 45.3 60.1 0.60 

Note: F: Forw ar d locomotion task; L: Lateral locomotion task; T: Turning task; G: Optimization metric. T he o v er all optimization objectiv e is the optimization metric 
G . For each task weight setting, we present the optimal objective value and the energy efficiency of every sub-tasks. w A = [0.33,0.33,0.33], represents the omni- 
directional performance; w B = [0.41,0.18,0.41], introduced in literature (Nie et al., 2013 ); w C = [1,0,0], w D = [0,1,0], and w E = [0,0,1], are sub-task specialization 
weights. 

 

 

 

 

Figure 8: Manipulability metric in an optimized robotic limb. (a) Bennett 
robotic limb; (b) planar robotic limb; (c) serial robotic limb; (d) spherical 
robotic limb. 
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also have some limitations. Specificall y, they ar e closel y r elated to 
the basic robot parameters and user-defined task weights. When 

these hyper-parameters are changed, the resulting design might 
differ from the above ones . T herefore , finding the relevance be- 
tween the high-le v el layout of robots and the preferred leg mech- 
anism is a potential r esearc h question to be addressed in future 
work. 

3.4 Tow ards v ersatile and energy-efficient 
motion 

Versatility is one of the main driving factors for adopting robots in 

engineering applications. To ensure a versatile design, our compu- 
tational design fr ame work considers the potential scenarios with 

the combination of the tasks that the robot could face and op- 
timizes the configuration and design parameters based on the 
weighted energy-efficient metric. When quantifying the versatil- 
ity of robots, a practical attempt could be found in (Nie et al., 2013 ),
in which the researchers also quantitatively propose reasonable 
sub-task weight coefficients for multiple domains. Compared with 

the omni-directional performance highlighted in this study, the 
existing quadruped robot mainly moves forw ar d and changes ori- 
entation with little lateral mo vement. T herefore , as illustrated in 

Table 5 , we r epr oduced the r obotic limb optimization experiment 
with different task weight coefficients . T he first set of weight coef- 
ficients ( w A ) r epr esents the equiv alent pr oportion of all the tasks 
and the second one ( w B ) is defined by the above literature for prac- 
tical flat terrain locomotion, follo w ed b y three task-specific weight 
settings ( w C , w D , w E ). The energy efficiency of sub-tasks and the 
ov er all optimization metric value are presented for each coeffi- 
cient set. 

We can find that when the weight coefficients of sub-tasks are 
modified, the energy efficiency will result in relevant changes.
Mor e specificall y, when the pr oportion of a giv en task incr eased,
the corr esponding ener gy efficienc y w ould also be impr ov ed,
which is obviously in the sub-task-specific experiments. Although 

less significant, compared with the balanced task weight ( w A ), the 
practical one ( w B ) results in a higher objective score ( G ), respec- 
tiv el y. And although the Bennett robotic limbs still have the most 
outstanding ov er all scor e (0.8) ov er the alternativ e task weight set- 
ting ( w B ), the gap with the planar one has been significantly re- 
duced. Similarl y, other r obotic limbs, whic h hav e r elativ el y poor 
performance at the lateral locomotion task, also have a higher in- 
cr ease r ate than the Bennett one. Additionall y, it is r emarkable 
that the optimal design for a specific sub-task might be infeasi- 
ble for other tasks . T his phenomenon is more like to appear in 

the spatial robotic limb design, such as the Bennett and spherical 
case, due to the reduced w orkspace v olume caused by the special 
geometric constraints . T herefore , one should pa y attention to the 
arameter selection of the spatial robotic limb design to adapt to
ll the potential tasks. One of the possible solutions is to le v er-
ge the proposed computational design framework in this study 
o guide and forecast the design process. 

On the other hand, one of the aims of this study is to under-
tand what mechanical design characteristics allow the robot sys- 
ems to obtain a high le v el of energy efficiency and versatility
ithout increasing the complexity. Manipulability is one of the 
erformance metrics widely adopted in r obotics, whic h is defined
s 

m = 

√ 

λ1 λ2 · · ·, (11) 

here λi is the eigenvalue of matrix A = JJ T and J is the analytical
acobian matrix of the robotic limb. The geometric r epr esentation
f the manipulability is proportional to the volume of the speed
llipsoid, indicating the capability of the robot’s end-effector to 
erform velocities and acceleration or to exert force on the en-
ironment in a given posture. As illustrated in Fig. 8 , we present
he workspace of the optimized robotic limb concerning the col-
red manipulability metric. Note that the upper boundary of each
imb is different to represent the feature of the distribution of ma-
ipulability. We can find that the Bennett robotic limb has the
aximum manipulability metric (4.357 × 10 −3 ), as well as the
axim um cum ulativ e manipulability concerning the given loco-
otion trajectories, indicating the possible association between 

he manipulability and energy efficiency to a certain degree. Al-
hough less significant, when we optimize the design parameters 
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ased on the energy efficiency metric, the manipulability also has
n increasing trend, consistent with Kim et al. ( 2010 ). T herefore ,
anipulability analysis can enhance the energy efficiency of the

uadruped robot to a certain degree. Last, we recognize that con-
rol and sensing techniques may influence a robot system’s mo-
ility performance, while these items are out of the scope of this
tudy and will be addressed in the future. 

. Conclusions 

n this study, we propose the computational design fr ame work
or robotic limb optimization to w ar ds minimizing the energy cost
uring omni-directional locomotion for quadruped robots with
 linkage mechanism. Via the generalization of the leg mecha-
ism, we can optimize both the discrete leg configuration and
ontinuous link parameters of quadruped robots within the as-
umptions of a single rigid bod y d ynamics model. We can op-
imize the limb design based on user-defined hyper-parameters
nd weighted primitive tasks while undertaking the physical fea-
ibility of the final design, subject to imposed har dw are limita-
ions. For validation, we implement the hardware experiments on
orw ar d trotting locomotion tasks with diverse limb designs . T he

easured data from the prototype robot shows the same trend
s the forecasted one with a relatively small normalized mean
quar e err or. Optimizing the leg configur ation for primitiv e tasks
ndicates that it is possible to impr ov e the ener gy efficienc y b y
 ppr oximatel y 10 % –20 % . On the other hand, the optimization re-
ult on multiple primitive tasks indicates the potential advantage
f ov erconstr ained r obotic limb design in pr omoting ener gy effi-
iency for omni-directional locomotion. In the early phase of novel
uadruped robot design, our framework can help the designers to
enerate feasible and optimized limb designs for specific task re-
uirements or provide instructive insights in determining the de-
ign par ameters, suc h as leg configur ation and link par ameters. 

In this study, our algorithm only considers omni-directional
ocomotion on flat terrain. At the same time, some tasks that
 equir e mor e complex inter actions with the envir onment, suc h
s climbing slopes and stairs, are also valued by the designers.
ne possible solution is introducing various terrain constraints

n the trajectory optimization stage and further collision detec-
ion between limb linkages and the environment, which might
ncrease the non-linearity of the optimization problem and com-
uting time. Ho w e v er, it can still be handled by the proposed for-
ulation and non-linear programming problem solver. Although

nly the robotic limbs in the four-bar family and its variants are
ddressed in this study, one can introduce almost any of the three
oF robotic limbs with explicit kinematic and dynamic deriva-

ion to the proposed computational framework, which might be
xplored in future work. Limited parameters are involved in op-
imization during the stage of trajectory optimization, which is
imed at enhancing the dominant role of the designer. Still, choos-
ng these par ameters, suc h as total mass and nominal stance posi-
ion, may significantly influence the optimization preference and
ead to a distinct final design. Ther efor e, one of the possible direc-
ions of future work is to include more design parameters and re-
olve the limb design problem as a co-optimization problem with
 reinforcement learning approach (Kim et al., 2023 ). 
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Appendix A: Forw ar d Kinema tics 

As mentioned in Section 2.1.3 , a general forw ar d kinematic can be 
described as the end-effector position and orientation concerning 
the base fr ame, whic h is a homogeneous transformation matrix, 

T = e [ S 1 ] θ1 e [ S 2 ] θ2 e [ S 3 ] θ3 P 0 (A1) 
here S k is the screw axes of each joint, respectively, and P 0 
s the initial position and orientation of the end-effector, which
an be described as 

P 0 = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

1 0 0 x 
0 1 0 y 
0 0 1 z 
0 0 0 1 

⎤ 

⎥ ⎥ ⎥ ⎦ 

(A2) 

nd e [ S k ] θk is the twist exponent matrix, which the Rodrigues for-
ula can compute. 
The homogeneous transformation matrix can be described as 

ollows in IK: 

T = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

n x o x a x p x 
n y o y a y p y 
n z o z a z p z 
0 0 0 1 

⎤ 

⎥ ⎥ ⎥ ⎦ 

, (A3) 

here P = [ p x , p y , p z ] is the end-effector position in leg frame. 

ppendix B: IK 

n Planer configuration, for a given end-effector coordinate P = [ p x ,
 y , p z ], the analytical solution of IK can be expressed as q = q ( θ i )
 q ( f i ( P )), which is 

⎧ ⎪ ⎨ 

⎪ ⎩ 

q 1 = θ1 = π − arccos ( L o / 
√ 

p 2 y + p 2 z ) − ( π + arctan 2(p y , p z )) 

q 2 = q 3 − γ1 − γ2 

q 3 = −β2 + β1 

, (B1) 

here 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

β1 = ± arccos [(a 2 + K 2 1 − K 2 2 ) / (2 aK 1 )] 
β2 = arctan 2(K 4 , K 3 ) 
γ1 = ± arccos [(a 2 + K 2 5 − b 2 ) / (2 aK 5 )] 
γ2 = ± arccos [(d 2 + K 2 5 − c 2 ) / (2 dK 5 )] 
α12 = ± arccos [(a 2 + K 2 2 − K 2 1 ) / (2 aK 2 )] 

K 1 = 

√ 

(K 2 3 + K 2 4 ) 

K 2 = b + L s 
K 3 = p x 
K 4 = (p y cos 2 θ + p y + p z sin 2 θ ) / (2 cos θ ) 
K 5 = 

√ 

(a 2 + b 2 − 2 ab cos α12 ) 

. (B2) 

erial configuration can be considered a special case of Planer
onfigur ation. Ther efor e, the IK are in the same form. 

For Bennett configuration, the IK can be resolved as 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

θ3 = − arctan 2(B 1 , A 1 ) + arctan 2(−C 1 , ±
√ 

A 

2 
1 + B 2 1 − C 

2 
1 ) 

θ2 = − arctan 2(B 2 , A 2 ) + arctan 2(−C 2 , ±
√ 

A 

2 
2 + B 2 2 − C 

2 
2 ) 

θ1 = − arctan 2(B 3 , A 3 ) + arctan 2(−C 3 , ±
√ 

A 

2 
3 + B 2 3 − C 

2 
3 ) 

, (B3) 

here 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

A 1 = 2 L s L o sin α + 2 bL o sin α

B 1 = −2 aL s − 2 ab 

C 1 = −L 2 s − 2 bL s − a 2 − b 2 − L 2 o + p 2 x + p 2 y + p 2 z 

A 2 = −(L s + b) sin θ3 cos α

B 2 = (L s + b) cos θ3 + a 

C 2 = −p x 

A 3 = −p y 

B 3 = p z 

C 3 = L s sin α sin θ3 + b sin α sin θ3 − L o 

(B4) 
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nd the motor angle q can be r epr esented as follows: 

⎧ ⎪ ⎨ 

⎪ ⎩ 

q 1 = θ1 

q 2 = q 3 − 2 arctan [( −1 /K) tan ( θ3 / 2)] 
q 3 = θ2 

. (B5) 

In Spherical configuration, the joint angle can be derived along
pherical geometry. Ther efor e, the IK will be obtained, 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

θ3 = ± arccos ( −B 1 / A 1 ) 

θ2 = − arctan 2(B 2 , A 2 ) + arctan 2(−C 2 , ±
√ 

A 

2 
2 + B 2 2 − C 

2 
2 ) 

θ1 = − arctan 2(B 3 , A 3 ) + arctan 2(−C 3 , ±
√ 

A 

2 
3 + B 2 3 − C 

2 
3 ) 

, (B6) 

here 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

A 1 = −L 2 o − 2 L o r cos α1 cos ( α2 + αLs ) + 2 L o r + p 2 x + p 2 y + p 2 z 

+ 2 r 2 cos α1 cos ( α2 + αLs ) − 2 r 2 

B 1 = 2 L o r sin α1 sin (α2 + αLs ) − 2 r 2 sin α1 sin (α2 + αLs ) 
A 2 = sin θ3 sin (α2 + αLs ) 
B 2 = sin α1 cos (α2 + αLs ) + sin (α2 + αLs ) cos α1 cos θ3 

C 2 = −p x /r 
A 3 = p y 
B 3 = −p z 
C 3 = L o − r sin α1 sin (α2 + αLs ) cos θ3 + r sin α1 sin (α2 + αLs ) 

+ r cos (α1 + α2 + αLs ) − r 

. (B7) 
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Based on the geometrical condition, the motor angle q = [ q 1 , q 2 ,
 3 ] can be r esolv ed 

⎧ ⎪ ⎨ 

⎪ ⎩ 

q 1 = θ1 

q 2 = θ2 − K 1 − K 2 
q 3 = θ2 

, (B8)

here 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

K 1 = ± arccos 
{
[ cos α2 − cos α1 cos K 3 ] / [ sin α1 sin K 3 ] 

}
K 2 = ± arccos 

{
[ cos α3 − cos α4 cos K 3 ] / [ sin α4 sin K 3 ] 

}
K 3 = ± arccos ( cos α1 cos α2 + sin α1 sin α2 cos ( π− θ3 ) ) 

. (B9)

The symbol ‘ ±’ implies multiple solutions in the solving
rocess, and we will filter the appropriate solutions for the final
esult. 

ppendix C: Supplementary video 

 supplementary video demonstrating the robot prototype in sim-
lations and experiments. 
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