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In this paper, a subtractive Goldberg 5R linkage is defined as a variation of Goldberg 5R linkage.
A spatial 6R linkage is constructed by combining two subtractive Goldberg 5R linkages through
a common Bennett linkage. This 6R linkage, namely double subtractive Goldberg 6R linkage,
appears to be distinct from other existing spatial 6R overconstrained linkages reported before.
Both the overconstrained geometric conditions and the closure equations of the proposed
linkage are derived. Physical models are also made to validate the linkage.
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1. Introduction

Overconstrained linkages are a family of special linkages with full-range mobility even though they do not obey the Grübler–
Kutzbach mobility criterion [1]. Their mobility is due to the special geometric conditions among the links and joint axes that are
called overconstrained conditions. One of the most famous and impressive 3D overconstrained linkages is the Bennett linkage, a
spatial 4R linkage [2,3]. Since its publication in 1903, it has received an enormous attention from kinematicians. A number of 3D
overconstrained linkages have been found by combining or merging several Bennett linkages, such as Myard linkage [4], Goldberg
linkage [5], Bennett-joint 6R linkage [6], Dietmaier's 6R linkage [7], Wohlhart's double-Goldberg linkage [8], some cases of
Waldron's hybrid 6R linkage [9], and so on. All these linkages can be classified into a family of Bennett-based linkages. Among
them, Goldberg's constructing method sets an example to build new overconstrained linkages. The Goldberg 5R or 6R linkages can
be formed by firstly superposing two linkages, either a Bennett linkage or a Goldberg linkage, then removing the common link or
joint which shares the same spatial geometry, and finally rigidifying the angular relationships between two adjacent links
connected to the removed common joint. In the constructing point of view, Myard linkage was commonly considered as a special
case of Goldberg 5R linkage [10]. Later, Wohlhart derived a more general case of Goldberg 5R linkage and proposed a 6R linkage
from two Goldberg 5R linkages combined face to face [8]. Recently, another 6R linkage has been constructed by combining two
Goldberg 5R linkages in a back-to-back configuration [11]. A throughout and in-depth research on the most of the Bennett-based
linkages was given by [12]. In this paper, we intend to combine two subtractive Goldberg 5R linkages to build a different type of
spatial 6R linkage through a common Bennett linkage.

The layout of this paper is as follows. In Section 2, the Bennett linkage and the Goldberg 5R linkage are reviewed. Then the
geometric conditions and the closure equations for the subtractive Goldberg 5R linkage are derived. Section 3 presents the
procedure to build the double subtractive Goldberg 6R linkage in detail. In Section 4, the characteristics and extensions of double
subtractive Goldberg 6R linkages are discussed, which concludes the paper.
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Notations

zi coordinate axis along the revolute axis of joint i;
xi coordinate axis along the common normal from zi−1 to zi;
a(i−1)i length of link (i−1)i, which is the common normal distance from zi−1 to zi positively about xi;
α(i−1)i twist of link (i−1)i, which is the rotation angle from zi−1 to zi positively about xi;
Ri offset of joint i, which is the common normal distance from xi to xi+1 positively along zi;
θi revolute variable of joint i, which is the rotation angle from xi to xi+1 positively about zi;
a/α the link with link length a and twist α;
L, R, A, B superscripts that denote different linkages during constructing process.
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2. Bennett linkage and Goldberg 5R linkage

2.1. Bennett linkage

The Bennett linkage is the only overconstrained 4R linkage with the axes of four revolute joints neither parallel nor concurrent
[2]. The geometric parameters and closure equations of the Bennett linkage in Fig. 1 are
and

respec
a12 = a34 = a;a23 = a41 = b;

α12 = α34 = α;α23 = α41 = β;

sinα
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b ;

Ri = 0 i = 1; 2; 3 and 4ð Þ;

ð1Þ

θ1 + θ3 = 2π;θ2 + θ4 = 2π;
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2
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θ2
2
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sin
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β−α
2

;

ð2Þ

tively.
2.2. Goldberg 5R linkage

The Goldberg 5R linkage [5] is obtained by combining a pair of Bennett linkages in such a way that the link and joint common to
both are removed and a pair of adjacent links are rigidly attached to each other as shown in Fig. 2. The techniques developed by
Goldberg can be summarised as the summation of two Bennett linkages to produce a 5R linkage, or the subtraction of a primary
composite linkage from another Bennett linkage to form a syncopated linkage. Here we only consider the summation case of
Goldberg 5R linkage.
Fig. 1. The Bennett linkage.



(a)

(b) (c)

Fig. 2. The construction of the Goldberg 5R linkage. (a) Two Bennett linkages with the common link a/α in themiddle; (b) the two links at the bottom are rigidified
to be collinear; (c) the Goldberg 5R linkage is formed after removing the common link and joint.
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Fig. 3. The construction of the generalised Goldberg 5R linkage. (a) Two Bennett linkages are firstly superposed with the common link a/α in the middle; (b) then
kink angle is set to be any value. The new link is added to connect two joints at the bottom, two offsets appear correspondingly; (c) last, after removing three links
and one joint inside, the generalised Goldberg 5R linkage is obtained.
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(a)

(b)

(c)

(d)
Fig. 4. The construction of the subtractive Goldberg 5R linkage. (a) and (b) Two Bennett linkages with one common link a/α; (c) the subtractive Goldberg 5R
linkage; (d) the detailed relationship between the kinematic variables at joints 4 and 5.
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A more generalised 5R linkage was also proposed by Goldberg briefly [5] and later derived in detail by Wohlhart [8]. In the
general case, two links which form the rigidified link are not collinearly posed. A variable “kink angle” was introduced, see Fig. 3.
Therefore, Goldberg 5R linkage is a special case of the generalised 5R linkage when the kink angle is zero.
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2.3. Subtractive Goldberg 5R linkage

When the kink angle in the generalised Goldberg 5R linkage equals to π, the two links adjacent to the common link are
overlapped and the resultant linkage is in fact formed by subtracting Bennett linkage B from Bennett linkage A as shown in Fig. 4,
which is the first variation of the Goldberg linkages given in [5]. Therefore, we call such linkage as the subtractive Goldberg 5R
linkage.

Consider two Bennett linkages shown in Figs. 4(a) and (b). In order to construct the subtractive Goldberg 5R linkage, these
Bennett linkages must have a common link with the identical geometric parameters, a/α. So the Bennett linkages A and B should
have the following geometric parameters.
and
aA12 = aA34 = aB12 = aB34 = a;aA23 = aA41 = b;aB23 = aB41 = c;

αA
12 = αA

34 = αB
12 = αB

34 = α;αA
23 = αA

41 = β;αB
23 = αB

41 = γ;

sinα
a = sinβ

b = sinγ
c ;

RA
i = RB

i = 0 i = 1; 2; 3 and 4ð Þ:

ð3Þ
Then the closure equations of Bennett linkages A and B are
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tively.
respec
The subtractive Goldberg 5R linkage can be formed by removing the common links and joint as shown in Fig. 4(c). The

geometric parameters of the subtractive Goldberg 5R linkage are
a12 = a34 = a; a23 = b−c; a45 = c;a51 = b;

α12 = α34 = α;α23 = β−γ;α45 = γ;α51 = β;

sinα
a = sinβ

b = sinγ
c ;

Ri = 0 i = 1; 2;…; 5ð Þ:

ð6Þ
In Fig. 4, the relationship among the revolute variables of the subtractive Goldberg 5R linkage and the Bennett linkages A and B
can be set as follows.
θ1 = θA1 ;θ2 = θA2 ;θ3 = π−θB2;

θ4 = 2π−θB1; θ5 = π− θB4−θA4
� �

:
ð7Þ
And in order to construct the subtractive Goldberg 5R linkage, the compatibility between Bennett linkages A and B,
θA3 = θB3; ð8Þ



Fig. 5. The construction of a 6R linkage from two subtractive Goldberg 5R linkages by removing the common Bennett linkage in dash lines.
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must be preserved. Substituting Eqs. (7) and (8) into Eqs. (4) and (5), the closure equations of the subtractive Goldberg 5R linkage
can be derived as follows.
θ1 + θ4 = 2π;θ2 + θ3 + θ5 = 2π;

tan
θ1
2
tan

θ2
2

=
sin

β + α
2

sin
β−α
2

; and
tan
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2

tan
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2

=
sin

γ + α
2

sin
γ−α
2

:
ð9Þ
3. Double subtractive Goldberg 6R linkage

Fig. 4 shows that in the subtractive Goldberg 5R linkage, the link-pairs 51–12 and 34–45 are from Bennett linkages A and B,
respectively. Therefore, we can build 6R linkages from two subtractive Goldberg 5R linkages that share a common Bennett linkage
A or B, which is similar as the construction of Goldberg 6R linkages [5] and their variations [12]. Alternatively, due to the geometric
condition that sin α/a= sin γ/c in Eq. (3), we can use link-pair 45–51 to form another common Bennett linkage, which is different
from Bennett linkage A or B.
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For two subtractive Goldberg 5R linkages with the following geometric parameters,
and
aL12 = aL34 = a;aL23 = d−c;aL45 = c;aL51 = d;

αL
12 = αL

34 = α;αL
23 = δ−γ;αL

45 = γ;αL
51 = δ;

aR12 = aR34 = b;aR23 = c−a; aR45 = a;aR51 = c;

αR
12 = αR

34 = β;αR
23 = γ−α;αR

45 = α;αR
51 = γ;

ð10Þ

k-pair 34–45 of linkage L and link-pair 45–51 of linkage R are the same as a/α and c/γ. Therefore, a 6R linkage can be
the lin
obtained by constructing a common Bennett linkage from these two link-pairs, see in Fig. 5. Thus, the geometry conditions of this
6R linkage are
a12 = a34 = b;a23 = c−a;a45 = d;a56 = a;a61 = d−c;

α12 = α34 = β;α23 = γ−α;α45 = δ;α56 = α;α61 = δ−γ;

sinα
a = sinβ

b = sinγ
c = sinδ

d ;

Ri = 0 i = 1; 2;…; 6ð Þ:

ð11Þ
According to Eq. (9), the closure equations of the subtractive Goldberg 5R linkages L and R are
θL1 + θL4 = 2π;θL2 + θL3 + θL5 = 2π;
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θR1 + θR4 = 2π;θR2 + θR3 + θR5 = 2π;
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tively.
respec
Here mi(i=1, 2, 3 and 4) are set to simplify the representations of different relationships of twists for later derivation. The

relationship between the revolute variables of the objective 6R linkage and the subtractive Goldberg 5R linkages L and R are
θ1 = θR1−π;θ2 = θR2 ;θ3 = θR3 ;

θ4 = θL3−π
� �

+ θL5−π
� �

− π−θR4
� �

= θL3 + θL5 + θR4−3π;

θ5 = θL1;θ6 = θL2:

ð14Þ
Fig. 6. The constructing process of the double subtractive Goldberg 6R linkage in physical models.



Fig. 7. The full circle movement of the double subtractive Goldberg 6R linkage.
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For the common Bennett linkage shared by these two subtractive Goldberg 5R linkages, as shown in dash lines in Fig. 5, the
compatibility relationship,
should
θL4 + θR5 = 2π; ð15Þ

be preserved.
Fig. 8. The input–output curves of the linkage, θ1 vs. θi(i=2, 3, …, 6).

image of Fig.�8


Table 1
Variations of link length c and geometric parameters of the 6R linkage (dNa).

Variation of c Geometric parameters

Changed Unchanged

cNdNa a23 = c−a; α23 = γ−α
a61 = c−d; α61 = γ−δ

a12 = a34 = b; α12 = α34 = β
a34 = d; α34 = δ
a56 = a; α56 = α
Ri = 0 i = 1; 2;…; 6ð Þ

dNcNa a23 = c−a; α23 = γ−α
a61 = d−c; α61 = δ−γ

dNaNc a23 = a−c; α23 = α−γ
a61 = d−c; α61 = δ−γ

c=0 a23 = a; α23 = α
a61 = d; α61 = δ

cb0 a23 = a−c; α23 = α−γ
a61 = d−c; α61 = δ−γ
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Substituting Eqs. (14) and (15) into Eqs. (12) and (13), we can derive the closure equations of this 6R linkage as follows,
tan
θ3
2

= − 1

m4 tan
θ1
2

ð16Þ

show that the newly formed 6R linkage has mobility one. Because of the construct method, it can be called as the double
which
subtractive Goldberg 6R linkage. Physical models are also made to validate this linkage. Fig. 6 is the constructing process of the
double subtractive Goldberg 6R linkage shown in physical models. Fig. 7 shows the full circlemovement of the constructed linkage,
whose input–output curves are presented in Fig. 8.

4. Conclusions and discussion

In this paper, a subtractive Goldberg 5R linkage has been defined following the similar method of constructing the original
Goldberg 5R linkage, which can also be considered as a special case of the generalised Goldberg 5R linkage. Such two linkages have
been combined together to form a spatial 6R linkage by removing the common Bennett linkage. Thus this 6R linkage is called
double subtractive Goldberg 6R linkage. The geometric conditions and the closure equations have been derived in detail and the
linkage hasmobility one. Fromboth the constructingmethod and the overconstrained geometric conditions, it is indicated that the
proposed linkage is different from all the existing spatial 6R overconstrained linkages.

From the geometric parameters in Eq. (11), it is interesting to notice that in the six links of the double subtractive Goldberg 6R
linkage, links 12, 34, 45 and 56 are determined by links a/α, b/β or d/δ individually, while links 23 and 61 are determined by c−a/
γ−α and d−c/δ−γ. Although link c/γ does not appear in the final 6R linkage, as it has been removed with the common Bennett
linkage, it still plays an important role in the overall construction of the 6R linkage. This characteristic is only available for the
double subtractive Goldberg 6R linkage.

When the relationship between links a/α, c/γ and d/δ varies, other linkages, which are similar to the double subtractive Goldberg
linkage, can be derived. Table 1 lists the geometric parameters for the variation of c comparing to a and d. Here, we assume that link
length dNa, as similar conclusions can be drawn for aNd. When cNdNa, dNcNa or dNaNc, three variations of the double subtractive
Goldberg 6R linkage can be formed. All have mobility one. When c=0, the two subtractive Goldberg 5R linkages that build up the 6R
linkage are shrunk into two Bennett linkages. The mobility of the resultant 6R linkage is raised to two. Especially, when cb0, the
geometric parameters are in the same setupas the case ofdNaNc. And the 6R linkage is also a variation of theproposed6R linkagewith
mobility one. However, physically the subtractive Goldberg 5R linkage is transformed into the original Goldberg 5R linkage and the
resultant 6R linkage is the second variant of L-shaped Goldberg 6R linkage proposed by Baker [12].

These variations of the extra link c/γ could be explained by the concept of “negative length”, which is to describe possible
mobile assemblies of the Bennett linkages [13,14]. In our case, the term “negative” indicates that the direction of synthesis is
opposite to each other. If we allow the length to be negative, and then these variations are basically belong to same linkage type
when the parameters on the extra link vary.

Furthermore, we can apply the same combination method as the generalised Goldberg 5R linkage [8] to form a more general
case of the double Goldberg 6R linkage when the kink angle falls in the range of [0, 2π). In this case, offset values will not be all
zeros. This is one possible method to introduce non-zero offset to the new 6R linkage. However, due to the complexity of the math
calculation, the general formulas will not be derived here.
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