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Abstract

This dissertation explores the possibilities to design reconfigurable mechanisms using the
kinematic and geometric properties of existing overconstrained linkages with revolute joints.
Despite the large number of overconstrained linkages reported in literatures, there lacks of a
comprehensive study into the relationship among them, which limits the understanding of the

overconstrained linkages and their potential applications.

The first part of this dissertation has been devoted to the systematic generalization of a
series of double-Goldberg linkage families, in which the relationship between a number of
existing linkages and their variational cases has been revealed. The common link-pair and
common Bennett-linkage methods have been proposed to connect a Goldberg 5R linkage and
a subtractive Goldberg 5R linkage to form six types of overconstrained linkage closures.
Three sub-families, Wohlhart’s double-Goldberg linkages, mixed double-Goldberg linkages
and double-subtractive-Goldberg linkages, have been generalized to represent the original
cases, variational cases and subtractive cases of double-Goldberg linkage family. A
substantial source of design for reconfigurable mechanisms in the Bennett-based linkage
family has been presented in this part. In the second part, the kinematic study has been
focused on the general line-symmetric Bricard linkage. The closure equations of the original
and revised general line-symmetric Bricard linkages have been derived in explicit forms. For
the general line-symmetric Bricard linkage, two independent and distinct linkage closures
have been discovered. It has also been revealed that the revised cases are equivalent to the
original cases with different setups on joint-axis directions. The potential of designing the
reconfigurable mechanism through kinematic singularity has been demonstrated with the

bifurcation behavior of the special line-symmetric Bricard linkage with zero offsets.

XVii



The conceptual designs of reconfigurable mechanisms based on overconstrained linkages
have been explored in the final part. Both the analytical and construct method have been
presented to design morphing structures using overconstrained linkages. Based on the double-
Goldberg linkage and the general line-symmetric Bricard linkage, reconfigurable mechanisms
have been designed with multiple operation forms between 6R and 4R linkages. Furthermore,
a generic method of link-pair replacement has been developed for reconfiguration purpose,
which has been applied to reconfigure the topology of different Bennett linkage networks in

order to obtain different overconstrained mechanisms.

Results in this dissertation could lead to the substantial advancement in the design of
reconfigurable mechanism with kinematic singularities. In the future work, the methods could
be applied to design advanced reconfigurable robotic platforms with less actuators but more

structural support.
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Chapter 1

Introduction

1.1 OVERVIEW

The initial research interest about the overconstrained linkages was driven by mathematicians
like Pierre Frédéric Sarrus, Raoul Bricard, Geoffrey Thomas Bennett and Michael Goldberg
in exploring the extension of planar geometries into three dimensional spaces. These
pioneers’ work did not receive so many attentions when they were firstly published. There
were a lot of reasons for such situations. For instance, the original work by Sarrus (1853) and
Bricard (1897; 1927) were published in French over a century ago. The original work done
by Bricard (1897) was to answer a mathematical challenge posed by Stephanos (1894) that
“Do there exist polyhedra with invariant facets that are susceptible to an infinite family of
transformations that only alter solid angles and dihedrals?” As a result, three types of
deformable octahedral were derived, which have only one degree of freedom in the present
context. The engineering potentials of such deformable geometries was later noticed by other
mathematicians, which open the doors of overconstrained linkages in kinematics and robotics.
The most famous example is the Bennett linkage (Bennett, 1903; 1914), which is a four-bar
mechanism moving in the 3D space. The Bennett linkage is later proved to be the only
overconstrained linkage with four links connected by revolute joints whose axes are neither
parallel nor concurrent (Delassus, 1922). The pioneering work by Goldberg (1943) is to use
the Bennett linkage as the basic element to build more complex overconstrained five-bar and
six-bar linkages. The topic of overconstrained linkages started to get noticed and researched
in an engineering point of view. From the early 80s until now, J. Eddie Baker did the most

work in the study and promotion of overconstrained mechanisms.
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Kinematics is the study about the geometry of motion (Beggs, 1983). Generally, any
chain of rigid bodies connected by certain movable joints could be considered as a
mechanism. The mobility of a mechanism is the number of inputs required to determine the
motion of all links with respect to a fixed reference frame. Once the motion is known, the
forces which produced that motion may be found by means of dynamics. A linkage is a
kinematic chain that consists of several rigid links connected by lower pair joints. There are
six types of lower pair joints, which are defined by the type of surface contact between two
members if the contact only occurs at the points on the contact surface, including revolute
pair, prismatic pair, cylindrical pair, helical pair, spherical pair and planar pair. In this
dissertation, the content is limited to revolute pair (R), or revolute joint, only. In 2D space,
the mobility of a planar linkage could be correctly calculated by the Kutzbach-Grubler’s
mobility criterion (Hunt, 1990), which is a significant improvement in engineering
applications. When the criterion is extended to the 3D space, according to this criterion, the
mobility M for a linkage of n links connected by j joints can be determined by the

following equation,
M=6(n-j-1)+> f, (1.1.1)
n=1
where f, (i =12,.., j) represents the mobility of joint i. For a single-loop spatial linkage
with only revolute joints, the number of links and joints are equal, or n=j; and each

revolute joint has mobility one, or f, =1. When a linkage has more degrees of freedom than

the Kutzbach-Grubler’s mobility criterion has predicted, this linkage is overconstrained in
geometry conditions and therefore categorized as an overconstrained linkage. This definition
of the overconstrained linkage will be used throughout this dissertation. From Eqg. (1.1.1), at
least seven links are required to construct a single-loop spatial linkage with only one degree

of freedom. However, when certain geometry conditions are imposed, there exists a number
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of overconstrained linkages with six, five or four revolute joints that has only mobility one

during a full-cycle movement.

Besides the Kutzbach-Grubler’s mobility criterion, there are a number of methods
developed to determine a mechanism’s mobility. Recently, a critical review on the calculation
of mobility, the main structural and kinematic parameters of a mechanism, was made in
(Gogu, 2005c¢) and 35 methods in literature during the past 150 years were summarized and
analyzed in a systematic manner. Even though it is not the purpose of this dissertation to
search for an optimal method for modern mechanism mobility calculation (Gogu, 2005a), it
should be noticed that it remains one of the fundamental and critical problems for the
advancement of mechanical engineering and there are still a lot of works to be done for a
clearer method with broader applications in engineering and science. Examples of such effort
could be found in (Gogu, 2005b), where a new formula for quick calculation of mobility has
been proposed and demonstrated via the theory of linear transformation. The readers are
encouraged to pursue advancements in this area in (Gogu, 2008), where new formulas of
mobility calculations are applied to single- and multi-loop overconstrained linkages which do

not obey the Kutzbach-Grubler’s mobility criterion.

A machine is the assembly of certain components which consume the energy to perform
certain intended actions. In mechanical engineering, such machine can be viewed as a
mechanism which is designed to transform a set of input forces and motions to certain desired
output forces and motions. The configuration of such mechanism is determined by the
purpose of design, which is usually presented as certain physical arrangement of the
mechanical components and parts. To meet the need of engineering applications, it is natural

for the designer to integrate as many capabilities as possible into just one machine, which
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could expand its application and reduce the cost of manufacturing. Such efforts usually
require advanced design methods and control theories to make it work. In general, the
concept of reconfiguration is to introduce the capability to a machine so that it could change
its configurations according to the changing task requirements. In this research, efforts are
made to explore the conceptual designs of such reconfigurable mechanisms using
overconstrained linkages as the source of design. The motivation comes from the fact that
such spatial motions generated from the overconstrained linkages could provide new

possibilities for advanced mechanism designs.

In this dissertation, the exploration to the conceptual designs of reconfigurable
mechanism using overconstrained linkages is achieved in two steps: 1) what method can be
used to design and analyze the overconstrained linkages? 2) what kind of reconfigurable
mechanism could be designed using the overconstrained linkage to achieve the change of

configurations?

The first step requires the study about the kinematics of overconstrained linkage. Efforts
have been made in literature to use different mathematical tools, including solid geometry
(Bennett, 1903; 1914; Bricard, 1897; 1927; Goldberg, 1943), vectors (Dietmaier, 1995g;
Wohlhart, 1987; 1991b), matrices (Denavit and Hartenberg, 1955), dual quaternion and dual
number (Yang, 1963), and screw theory (Ball, 1876; Huang, 1992; Mavroidis, 1993).
However, it is still not clear how the unique geometry conditions enable the mobility of these
overconstrained linkages. Despite the various overconstrained linkages reported, there still
lacks of a systematic organization about these linkages, which discourages the development
for further applications. In this dissertation, the construct methods of common link-pair and

common Bennett-linkage are used to find the relationship among a wide range of
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overconstrained linkages in the Bennett-based family. Then, by making use of the geometric
properties of the general line-symmetric Bricard linkage, a detailed analytical process is

presented to study the linkage kinematics, where multiple operation forms are found.

The second step is the design of reconfigurable mechanisms using overconstrained
linkages, where two different conceptual designs are explored in this dissertation. In the first
conceptual design, the reconfiguration is achieved through kinematic bifurcations. Due to its
special geometric constraints, certain linkage may present singular behavior on the kinematic
paths, where the linkage could bifurcate into different operation forms on different kinematic
paths. The design goal is to reconfigure the linkage by intentionally modifying an existing
operation form or introducing a new operation form. Construct and analytical methods are
presented in this dissertation to design a desired multiple operation form of a 4R linkage in
certain overconstrained 6R linkage. In the second conceptual design, the reconfiguration is
achieved through geometric reconstruction. In this design, the goal is to find a method that is
generically applicable so that a wide range of linkage could be reconfigured. The method of
link-pair replacement is proposed, which could be applied to different networks of Bennett
linkage for the reconfiguration purposes. As a result, a wide range of overconstrained 6R, 5R
and 4R linkages in the Bennett-based family are reconfigured from networks of Bennett
linkages, which encourages the future work to find a suitable engineering application of such

reconfigurable mechanism.

The remainder of this chapter is organized as follows. Section 1.2 reviews major
overconstrained linkages that will be addressed in this dissertation. Section 1.3 reviews the
development of reconfigurable mechanisms. Section 1.4 outlines the organization of the

remaining chapters in this dissertation.
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1.2 MAJOR OVERCONSTRAINED LINKAGE FAMILIES

The Bennett linkage is a spatial 4R linkage found in 1903 by a mathematician, Geoffrey
Thomas Bennett (1903), from the University of Cambridge. Since then, it has received
enormous attentions from kinematicians. Various research works has been devoted to the
invention of single degree of freedom overconstrained linkages by combining two or more
existing overconstrained linkages. Among them, the Bennett linkage has been a popular
construct element. Myard (1931) was the first one to form 5R or 6R overconstrained linkages
with two Bennett linkages. Later, Goldberg (1943) built a family of 5R and 6R linkages with
two or three Bennett linkages. For the 5R linkage, Baker (1979) re-examined both the
Myard’s 5R linkages and the Goldberg’s 5R linkages. He pointed out that the former one can
be considered as a special case of the latter one. Wohlhart (1991a) derived the generalized
Goldberg 5R linkage in detail, which was initially introduced by Goldberg (1943). The
closure equations of the generalized Goldberg 5R linkage was also analyzed using screw
theory by Baker (1983). Lee (2002) gave a comprehensive investigation to the kinematics of
the generalized Goldberg 5R linkage. Recently, an extended Myard 5R linkage was proposed

by Chen and You (2008a).

For the overconstrained 6R linkages, besides the 6R linkages proposed by Goldberg (1943)
and Myard (1931), several linkages were published using construct methods. Waldron (1968)
merged two Bennett linkages on a common joint and constrained the relative positioning of
the links from these two Bennett linkages to build a hybrid 6R linkage. Yu and Baker (1981)
reported a syncopation of Waldron’s hybrid 6R linkage when the 6R linkage was degenerated
into a Goldberg 5R linkage. Later, Baker (1993a) further utilized Goldberg’s technique and
derived two variants of the Goldberg 6R linkages. Wohlhart (1991a) found a new 6R linkage

by firstly merging two Goldberg 5R linkages in a “face-to-face” configuration and then
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removing the commonly shared links and joint. This 6R linkage was further combined with a
Bennett linkage to form another 6R linkage with line symmetry (Wohlhart, 1991b). The term
Bennett-based linkage family was firstly adopted by Baker (1993a) to identify the
overconstrained linkages constructed with units of Bennett linkages. This was also to
distinguish them with another important linkage family, the Bricard linkages, which are
constructed in a different manner. Recently, Chen and You (2007) reported a 6R linkage
based on the combination of two Goldberg 5R linkages in a “back-to-back” configuration.
Similar to the Wohlhart’s double-Goldberg 6R linkage, the linkage also can be isomerized
with a Bennett linkage to form a line-symmetric 6R linkage, which becomes a special case of

line-symmetric Bricard linkage.

The Bricard linkages form another important linkage family which comprises of three
deformable octahedrons: the line-symmetric octahedral case, the plane-symmetric octahedral
case and the doubly-collapsible octahedral case (Bricard, 1897); and three spatial linkages:
the general line-symmetric case, the general plane-symmetric case and the trihedral case
(Bricard, 1927). Bricard later pointed out that the line-symmetric octahedral case is a special
case of the general line-symmetric linkage case (Baker, 1980; Bricard, 1927). Different from
the Bennett-based linkages, the Bricard linkages were not originally constructed from the
combination of smaller or simpler units. Instead, different symmetry properties are used in
the geometry conditions, which enable mobility (Fowler and Guest, 2005; Guest and Fowler,
2005). Baker (1980) also reviewed the six cases of Bricard linkages. However, the closure
equations derived by Baker (1980) are in implicit forms which make them impractical to
conclude their kinematic properties. Phillips (1984; 1990) also reviewed the Bricard linkages

and their relationship with other overconstrained linkages.
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The three octahedral cases of Bricard linkages attracted a number of kinematic studies. A
comprehensive analysis to the three octahedral cases was done by Bennett (1912). Baker
(1986) noticed the relationship of a special line-symmetric octahedral Bricard linkage in
stationary and linkage configurations with respect to the conformation of cyclohexane
molecular in chair and boat forms. The closure equations of these three octahedral cases of
Bricard linkages were derived analytically using matrix transformation method by Lee (1996).
Recently, Chai and Chen (2010) found that the line-symmetric octahedral Bricard linkage
with identical twist and offset always has a stationary structural configuration, which is
independent from its mobile linkage form. In engineering applications, the octahedral cases
of Bricard linkages are related to parallel manipulators such as the Stewart-Gough
Manipulator (Husty, 2000; Husty and Karger, 1996; Husty and Zsombor-Murray, 1994) and
Triangular Symmetric Simplified Manipulators (Nawratil, 2010; 2011), which are widely
used as flight simulators and milling machines. The independent work by Nelson (2010; 2012)
demonstrated the possibilities of building large network of polyhedral with the octahedral

cases of Bricard linkages.

As for the three linkage cases, a plate-form model of the trihedral Bricard linkage was
made and analyzed by Goldberg (1974). Yu (1981b) studied the geometry of the trihedral
case with respect to its circumscribed sphere and associated hyperboloid. Wohlhart’s early
work (1993) shows that there are actually two distinct cases of the trihedral Bricard linkage.
Due to their special geometry constraints, reciprocal screw system is extensively used for the
analysis of Bricard linkages. Using this method, it was found that for any configuration of the
general line-symmetric Bricard linkage, the central axis of the linear complex defined by the
joint axes is orthogonally intersected to the linkage’s line of symmetry (Baker and Wohlhart,

1994). This result was proved numerically by Lee (2000). The reciprocal screw system of the
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general plane-symmetric six-screw linkage was also analyzed by Baker (1997), which covers
the plane-symmetric case of Bricard linkage. A further numerical technique was developed
using the direct elimination of the screw matrix to study the Bricard linkages (Lee, 2000).
Recently, a threefold-symmetric Bricard linkage was proposed to explore the application of
Bricard linkage in the design of deployable structures (Chen et al., 2005). A special line and
plane symmetric Bricard linkage was analyzed with regards to its unique bifurcation
behaviors (Chen and Chai, 2011). Besides the original cases of Bricard linkages, there are
linkages found by other researchers that make use of certain symmetry properties to make the
linkage mobile, such as the Altmann’s linkage (Altmann, 1954), Schatz’s linkage (Schatz,
1975) and Wohlhart’s hybrid linkage (Wohlhart, 1987), which can be categorized into the

Bricard linkage family.

1.3 RECONFIGURABLE MECHANISMS

Generally, reconfigurable mechanism is a mechanical system that can change its spatial
configuration with different requirements or in different environments. Classical mechanism
design is usually processed in two-dimensional space, which has proved its efficiency and
accuracy in engineering applications. However, as the functionality of a designated
mechanical system increases, the complexity of mechanism design grows. The
overconstrained linkage provides a feasible source of design for mechanisms with
reconfiguration capabilities. A number of research interests for the reconfigurable mechanism
focused on applications in aircraft wing design. The reader is encouraged to pursuit the
review article by Barbarino, Bilgen, Ajaj, Friswell and Inman (2011) for details. Research
interests in reconfigurable mechanism design have also been extended to the design of multi-
loop linkages. The mechanism developed by Stubbs, Whittier and Reinholtz (2004) exhibits

high loading capacity and less actuators, which can be reconfigured between two desired air-
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foil shapes. On the other hand, recent advancement promotes the concept of reconfigurable
mechanism designs in a broader manner. Generally, three categories of reconfigurable

mechanisms can be summarized.

The first category is based on the reassembly of identical or similar robotics modules,
each of which is an integrated system of microprocessors, batteries, sensors and end-effectors
etc. For the past two decades, research shows that such robotic systems are very adaptive and
versatile to the changing environments (Fukuda and Ueyama, 1994; Kamimura et al., 2005;
Yim, 1994). A comprehensive study into the development and applications of modular
reconfigurable robotic system was done by Chen (1994). Development has been made to
design a modular reconfigurable robot system for factory automation purpose (Chen and

Burdick, 1995; Chen and Yang, 1996).

The second category is the metamorphic mechanism (Dai and Rees Jones, 1999; Dai and
Zhang, 2009; Zhang et al., 2008), which can generate different topologies for
reconfigurations. It is capable of changing its own shape by rearranging the connectivity of
its parts. In the past decade, the metamorphic mechanism has been fast developed from
conceptual study into physical implementation (Zhang and Dai, 2009a) and industry

application (Dai and Rees Jones, 1999; Seffen et al., 2000).

The third category is based on the transformation among different kinematic paths using
kinematic singularities (Kong and Huang, 2009; Wohlhart, 1996; 2010), such as
kinematotropy mechanism (Wohlhart, 1996) and mechanism with bifurcations. The
kinematotropy mechanism can change its global mobility with positional actuations at the

transit positions. Galletti and Fanghella (2001) designed a series of kinematotropy

10
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mechanisms using the displacement group method. With the group-algebraic approach, Lee
and Hervé (2005) found that a closed-loop chain can be reconfigured when there are two or
more subgroups involved in the mechanism. Conceptual designs of mechanisms with desired
bifurcation paths have also been studied. Kong and Huang (2009) proposed a number of one
degree of freedom single-loop mechanisms with two operation modes. Wohlhart (2010) also
proposed a series of multifunctional 7R linkages by inserting an overconstrained 4R, 5R or 6R

mobile chain into a closed-loop 7R linkage.

1.4 ORGANIZATION OF THE DISSERTATION

The remaining chapters of this dissertation are organized in the following way.

Chapter 2 reviews fundamentals of the overconstrained spatial linkages. It reviews the
construction and geometry conditions of the major overconstrained linkages that will be
addressed in this dissertation. It also reviews the reconfigurable mechanism that will be

addressed in this dissertation.

Chapter 3 explores methods that can be used to build the double-Goldberg
overconstrained linkages using two 5R linkages as the building blocks. It presents the detailed
construction of a mixed double-Goldberg linkage family using a Goldberg 5R linkage and a
subtractive Goldberg 5R linkage. The original cases, variational cases and subtractive cases
of the double-Goldberg linkage family are achieved in a similar manner. It demonstrates the
close relationship between the double-Goldberg linkage family and the Bennett-based linkage
family, which provides a systematic organization of the Bennett-based overconstrained
linkages. Works in this chapter provides a substantial source of design for reconfigurable

mechanisms in the Bennett-based linkage family, which further motivates the design of the

11
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multiple operation forms in the double-Goldberg linkages and reconfigurable Bennett

network in chapter 5.

Chapter 4 derives the explicit closure equations of the original and revised general line-
symmetric Bricard linkage through matrix method. The relationship between these two
linkages is revealed in this chapter. It presents new linkage closures that were not mentioned
in previous literatures. It also investigates the bifurcation behaviors of its special case with
zero offsets. Works in this chapter offers the comprehensive understanding of the general
line-symmetric Bricard linkage, which motivates the design of multiple operation forms in

the general line-symmetric Bricard linkage in chapter 5.

Chapter 5 presents several conceptual designs of reconfigurable mechanisms based on
overconstrained linkages. It firstly challenges the possibilities to introduce the operation form
of a 4R linkage into a 6R linkage. Examples are demonstrated using the double-Goldberg 6R
linkages in the Bennett-based linkage family and the general line-symmetric Bricard linkage
in the Bricard linkage family to achieve this goal. The methods used in this chapter could be
further applied to design reconfigurable mechanisms based on bifurcations. The second
conceptual design is the reconfigurable Bennett network. A generic method of link-pair
replacement is proposed to reconfigure the spatial configuration and mobility of the network.
When different networks are applied, different types of overconstrained linkages are achieved.
Results in this chapter demonstrate the potentials and methodologies of using overconstrained

linkages to design reconfigurable mechanisms with kinematic singularities.

Chapter 6 summarizes the novel development presented in this dissertation. It also makes

suggestions for possible future research based on this dissertation.

12



Chapter 2
Review of Overconstrained Linkages and

Reconfigurable Mechanisms

2.1 OVERVIEW
Denavit and Hartenberg (1955) have established a minimum four-parameter system to solve
the kinematics of spatial mechanisms. In this dissertation, the coordinate system in Fig. 2.1.1

is attached to each joint in such a way that z, is along the axis of revolute joint i, and X; is

along the direction of link connected to joint i.

Fig. 2.1.1 The spatial setup of the parameters.

Thus, the relative position between two adjacent joints can be determined as follows:

e 0, isthe revolute variable, which is the positive angle of rotation from x; to x; about
z,, and usually defined in the range of [— n,;z);
e R is the offset, which is the normal distance from x; to x; along z;, and usually

defined in the range of (oo, +);
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* oy

is the twist, which is the positive angle of rotation from z; to z; about x;, and

usually defined in the range of [z, 7);

e q; is the length, which is the normal distance from z; to z; along x;, and usually

defined in the range of (— oo, + ).

These four parameters are assembled into a 4x4 homogeneous transformation matrix T;

for kinematic analysis, as shown in Eq. (2.1.1), where Ro,,, is the rotational matrix and Tr,,

is the translational vector.

I RO3><3 T r3><1 j|

10, 1
[cosf, —cosa; sind  sing,sing,  a, cosé,
. ’ Y ' (211)
sing, cosq;Ccosy, —sing; cose,  a;sing,
0 sing; Cos ¢ R
0 0 0 1

The necessary condition for a closed loop of n links is that the successive product of the

transformation matrices must be preserved as a unit matrix. The number of free revolute

variables is equivalent to the degree of freedom (mobility) of the linkage.

T, Ty T =1. (2.1.2)

2.2 OVERCONSTRAINED 4R LINKAGES

It is proved that at least four links are required to produce a linkage with only one degree of

freedom (Phillips, 1984). The Bennett linkage is the only overconstrained 4R linkage having

the axes of four revolute joints neither parallel nor concurrent (Bennett, 1903). This linkage

was also found independently by Borel (Bennett, 1914). The geometry conditions and closure

equations of the original Bennett linkage are

14
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i, =8y, Uy =0y, By =8y, Oy =y, Ry =0(1=123and4), (2.2.1)

sina,, Sina,,

= : (2.2.2)
alZ a23
and
0,+0,=0,0,+60, =0, (2.2.3)
) ) sin Qy3 + Ay
tan2tan2-_ 2 (2.2.4)
2 2 Sin a23 ;0512

respectively. In other literatures, the relationship in Eq. (2.2.3) may be defined as follows.
0,+60,=2r,0,+6,=2r. (2.2.5)
Here, constrained by the domain of definition of the revolute variables in section 2.1, we use

the relationship in Eq. (2.2.3) to unify representations. The proportional relationship of sine

of twist over link length is called the Bennett ratio, as shown in Eq. (2.2.2).

A lot of research has been done to study properties of the Bennett linkage. A complete set
of four-bar linkages connected by cylinder, revolute and prismatic joints with only mobility
one was given by Savage (1972), in which the Bennett linkage was proved to be the only
overconstrained four-bar linkage connected by revolute joints. Through the use of tensor
analysis, Ho (1978) provided the existence criteria of Bennett linkage in a different way.
Using the screw algebra method, Baker (1978) analyzed the extreme motion in the Bennett
linkage. Later, a comprehensive comparison analysis about the relationship between the
Bennett, Goldberg and Myard linkages was given by Baker (1979). Yu (1981a) studied the
associated tetrahedron and the hyperboloid axes of the Bennett linkage. Explorations on
possible linkages that could be achieved from Bennett linkages have been conducted

continuously (Baker and Min, 1986; Yu and Baker, 1981). Methods like axode analysis

15
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(Baker, 2001) and screw theory (Perez and McCarthy, 2002) have been used to study the
kinematics of the Bennett linkage. Extension has been made to create networks of Bennett

linkages for deployable structures (Chen and Baker, 2005; Chen and You, 2005; 2008b).

Even though the geometry conditions of the Bennett linkage appear to be line-symmetric,
the relationship in Eq. (2.2.3) indicates that the linkage moves in an asymmetric manner. The
general line-symmetric geometry requires the geometry conditions and revolute variables on
the opposite links and joints to be identical. In fact, there exists two solutions to the general
line-symmetric overconstrained 4R linkage, which was already discussed in (Hervé and
Dahan, 1983) and (Dalha, 1982). However, such conclusion did not draw the necessary
attentions from kinematicians. In what follows, we are going to revisit this linkage by
deriving the geometry conditions and closure equations of these two forms using the matrix

method. Firstly, we only take the line-symmetric part of the geometry conditions that
A, =gy, Ay =0y, Ay =8y, Apz =y, (2.2.6)
R =0(i=123and4),

to re-examine the geometry constraints of the linkage. We substitute Eqg. (2.2.6) into the

transformation matrix of the Bennett linkage.
T T Ty =1 (2.2.7)
With the homogeneous transformation matrix, we multiply T,;T,; on both side of Eq. (2.2.7).
Ty Ty = leszé ' (2.2.8)
The relationship for entries (1, 1), (3, 3) and (3, 4) in Eq. (2.2.8) are

cosé, cosd, —cosa,, sing, sind, = cosé, cosd, —cosa,, sind,sing, (2.2.9)

COS a;, COS &x,; —SiN &y, SiN &3 COS B, =COS @y, COS X, —SiN 1y, SiN 3 COSH,,  (2.2.10)
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A, Sinay, sinf, =—-a,, sina, sin g, (2.2.11)

For non-trivial solutions of a spatial linkage, we can derive from Eq. (2.2.10) that
6,=6,or6,=-0,. (2.2.12)
For the positive relationship that 8, = 6, the resultant Bennett linkage is found to be in line-

symmetric setup. Substituting 6, = 6, into Eq. (2.2.11) gives

sina,  Sinay,

2.2.13
P A3 ( )

Substituting Eq. (2.2.13) into Eq. (2.2.9), we can derive the closure equation of the Bennett

linkage in line-symmetric setup as

O3 + Oy
2

Oy —Qyy
2

0 0 COosS
0,=0,,0,=0,, tan?ltanfz (2.2.14)

Cos

For the negative relationship that 8, =—-6,, the resultant Bennett linkage is in asymmetric

setup. Similarly, when substituting 6, = -6, into Eq. (2.2.11), we will derive

sin o, _ Sina, (2.2.15)
a12 a23

And the closure equations of the resultant linkage are the same as Egs. (2.2.3) and (2.2.4).
From the above derivations, we find that there are actually two setups of the Bennett linkage:
one in line-symmetric setup, while the other in asymmetric setup. The one that appears in
most literatures is the asymmetric setup of the Bennett linkage, which is the same as the

original appearance of the linkage in (Bennett, 1903).

Since the opposite links in a Bennett linkage share the identical geometry conditions,
there are actually two different links, link 12 and link 23, in the Bennett linkage defined in Eq.

(2.2.6). According to Egs. (2.2.13) and (2.2.15), the symmetric property of the Bennett
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linkage is determined by the Bennett ratios of links 12 and 23. We prepare two sets of

parameters a/« and b/ g as follows to demonstrate the differences.

a=1.0000, o =100.0000/180, b=0.6527, S =40.00007 /180 (2.2.16)
We assign the geometry condition of link 12 to be a/« . If we want to construct a Bennett
linkage in line-symmetric setup, we can derive from Eq. (2.2.13) the following two sets of
solutions for link 23.
8, =b,a,,=—f ora,=ba,=F=r. (2.2.17)
Similarly, for a Bennett linkage in asymmetric setup, we can derive from Eq. (2.2.15) the
following two sets of solutions for link 23.
ay=b,a,=pora,=ba,=-pf*r. (2.2.18)
Note that here, we constrain the solutions in domain that a,, € [0,+0) and a,, €[~ 7, 7). Itis
always mathematically possible to use length parameters, including link length and offset,
with negative values for analytical derivations. However, for the physical setup of the linkage,
it is recommended in this dissertation to use the solutions of length parameters in the domain
of [0,+oo) to avoid duplicates, which comply with their physical meanings. The drawbacks of
using negative length parameters will be addressed in chapter 4 when distinguishing the

difference between the original and revised general line-symmetric Bricard linkages. The

differences among the above four sets of solutions are illustrated in Fig. 2.2.1.

Z,

z, b
N
EA
"N AR AN CY
B -pLtn - pxw

Fig. 2.2.1 The four configurations of link 23.
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As a result, we can construct four Bennett linkages based on these four sets of solutions. In
Fig. 2.2.2, there are two Bennett linkages in asymmetric setups: AB-1 and AB-2, which
comprise of link-pair a/a ~b/ g and link-pair a/a ~b/- f+ x, respectively. There are
another two Bennett linkages in line-symmetric setups: LB-1 and LB-2, which comprise of

link-pair a/a ~b/- £ and link-pair a/a ~b/ B+ x, respectively.

Fig. 2.2.2 The four different Bennett linkages in asymmetric and line-symmetric setups
(6,=110.00007/180).

From Fig. 2.2.2, it is found that even though AB-1 and LB-2 have different symmetry
properties, they share the same configurations in space if we ignore the joint axis directions.
This is the same for AB-2 and LB-1. Therefore, we can summarize the geometry conditions

of the Bennett linkage as follows,

Qp =8y, Oy =0y, Ay =8y, Apz =y,
(2.2.19)

. sin sin
R =0(i=123and4), 2 —4>"% .
a12 a23

in which the positively equaled Bennett ratios will produce a Bennett linkage in asymmetric

setup while the negatively equaled Bennett ratios will produce a Bennett linkage in line-
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symmetric setup. However, as demonstrated in Fig. 2.2.2, for the Bennett linkages in either
asymmetric or line-symmetric setups, there are always two different configurations of the
linkage with different joint axis directions. For two Bennett linkages with the same
configurations in space, one of them is asymmetric while the other is line-symmetric and they

differ to each other by 7 on one of the twists.

In the following context, the Bennett-based linkage family is based on the combination of
Bennett linkage as the building block. Consider that these linkages only make use of the
Bennett linkage as a construct unit, thus the above changes in the geometry conditions will
not affect the configuration of the resultant linkages. But on the geometry conditions, the
negatively equaled Bennett ratios could be added to generalize the representations. Due to the
limited influence of this change, we will still use the classical geometry conditions of these
linkages unless further explanation is required. However, when different symmetry properties
of the Bennett linkage are taken into consideration, the detailed geometry conditions of the
asymmetric and line-symmetric Bennett linkages shall be taken into consideration, which will
be used in the multiple operation forms of the general line-symmetric Bricard linkage in

chapter 5.

2.3 OVERCONSTRAINED 5R LINKAGES

2.3.1 Goldberg’s 5R Linkages

Goldberg’s remarkable work was based on the concept to build overconstrained 5R linkage
by combining two Bennett linkages, or subtracting them from another primary loop
(Goldberg, 1943). As shown in Fig. 2.3.1(a), the Goldberg 5R linkage is obtained through the

summation of two Bennett linkages superposed on a common link b/ with two adjacent
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links a/a and c/y collinearly rigidified. After removing the common link and joints, the

Goldberg 5R linkage will be formed. In Fig. 2.3.1(b), the syncopated Goldberg 5R linkage is
formed by the subtraction of a Goldberg 5R linkage from a primary Bennett linkage. After
removing the links and joints in the Goldberg 5R linkage that are overlapped with the primary
Bennett linkage, the rest part will form the syncopated Goldberg 5R linkage. Here, the line
and dot model is used to simplify the construct process, where the solid lines represent the

links, the dots are the joints and the dash-lines are the links to be removed.

a/g & a/o 4
b/B
b/B b8 K" b/B
ale cly T atclaty
aa cly 2 atclaty 3
d-b/5-
bp R R/ i
' 1 F#Zal ° Y \
T ak cy b/B b/B
/ \
— T
S c/y
a/o, 4
1 2 _atclaty 3
bB bB Ab/5-B d-b/5-B
25 atchaty 3 | & ok S T4
(a) (b)
Fig. 2.3.1 The construction of (a) Goldberg 5R linkage and (b) syncopated Goldberg 5R
linkage.

The geometry conditions of the Goldberg 5R linkage and the syncopated Goldberg 5R

linkage are
a,=4a, =b,a,=a+c, a,=c, a, =a,

(2.3.1)
A =0y =P, 0p=a+y, ay=y, a5 =,
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smazsmﬂ:SIn}/, R =0(0i=12,..5);
a b c
and
a,=a,=0d-b,a,=a+c,a,=cC, a; =a,
(2.3.2a)
a12=a34=5—,3,a23:a+7,a45:7aa51:a'
sing _sinB _siny _sin(5 - B) (2.3.2h)
a b c d-b -
sina+ﬂsiny+ﬁ sinM . .
5 2 _ 2 sm5:sm(a+7/) (2.3.20)
sin? P sin? =P gno=e=r’ d arce
2 2 2
R =0(0=12..5), (2.3.2d)

respectively. Goldberg (1943) tried to investigate relationship between these two linkages
through numerical examples. He found the relationship in Eq. (2.3.2b) in the syncopated
linkage shown in Fig. 2.3.1(b), from which he concluded that the syncopated Goldberg 5R
linkage might be resolved into the combination of two Bennett linkages like the Goldberg 5R
linkage. Later, this conclusion was proved by Baker (1979) that Eq. (2.3.2a) can be derived
analytically from Eq. (2.3.2b) for any syncopated Goldberg 5R linkages. Therefore, the

syncopated Goldberg 5R linkage is actually a special case of the Goldberg 5R linkage.

2.3.2 Generalized Goldberg 5R Linkage

Even the Goldberg 5R linkage is still a very special linkage with two links collinearly
rigidified, which means that the “kink angle” between these two links is locked to zero. In Fig.
2.3.2, when the kink angle ¢ is locked at different values other than zero, a more generalized
linkage can be obtained. Offsets will be introduced to corresponding links. This innovative

method was firstly raised by Goldberg (1943) in a qualitative way. Baker (1983) also studied
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the generalized case using the screw theory. An in-depth research into the kinematics of the

generalized Goldberg 5R linkage was made by Wohlhart (1991a).

a/lo cly

b/B
b/B
bp bp

a/la cly

2
R, R,
—3

Fig. 2.3.2 The construction of the generalized Goldberg 5R linkage.

As shown in Fig. 2.3.2, when ¢ e[-x, 7), the two links a/« and c/y that are locked by
the kink angle are then replaced by a new link 23. In the meanwhile, offsets R, and R, will

be introduced to links 23 and 34 in the thin solid lines, respectively. This generalized linkage
could also be explained using the link-pair replacement method developed in chapter 5. The

geometry conditions of the generalized Goldberg 5R linkage are

sina, Sina, Sinag,
Ay =8y, Uy = Ay, = = ;

a12 a45 a51
COSar,; = COSa,5 COS Ol —COSESIN Q5 SIN g (2.3.3)
a
a,, = _a12 (cosa,s +Cosa, ) tan—2
sinay, 2
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sina,; sinag,

R,=R,=—2 sing
sina,, 1+cosa,,

2.3.3 Myard’s 5R Linkages

Prior to Goldberg, Myard (1931) also published two types of overconstrained 5R linkages,
one in a plane-symmetric form and the other in an asymmetric form. It is the plane-symmetric
Myard linkage that attracts the most attentions, as shown in Fig. 2.3.3. Its geometry
conditions are listed in Eq. (2.3.4). The configuration of the asymmetric Myard 5R linkage is

equivalent to the linkage shown in Fig. 2.3.1(a) when a=c and a =y .

a, =a; =4a, a23=a45=b, a34:0,

T
A, =T -0 =C, 0523:054125, Ay =7 — 20,

(2.3.4)

sina 1
— == R =R,=R.=0. R, =R,.
a b) 1 2 5 ’ 3 4

Fig. 2.3.3 The plane-symmetric Myard linkage.

However, Myard’s work was mainly focused on the geometric properties of the linkage.
It is found that the plane-symmetric Myard’s 5R linkage could be interpreted as a special case
of generalized Goldberg 5R linkage, and the asymmetric Myard’s 5R linkage could be
identified as a special case of the Goldberg 5R linkage (Baker, 1979). Thus, both of the two

Myard 5R linkages in fact belong to the Goldberg’s 5R linkages.
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2.3.4 Extended Myard 5R Linkage

Recently, an extended Myard 5R linkage was proposed by Chen and You (2008a), in which
the twists of two Bennett linkages that build this 5R linkage are unnecessary to be % The

geometry conditions of this linkage are listed as follows.
A =85 =28, 8,3 =8 =b, a, =0,
Q=TT =0y =, Qg =y =P, Ay =7 - 201, (2.3.5)

sina _sinfg ‘g _0(i=12..5)
a b " R

Similar to the plane-symmetric Myard 5R linkage, a pair of equal offsets could be added
to the extended Myard 5R linkage. Therefore, the geometry conditions of the offsets in Eq.
(2.3.5) that R, =0(i=12,...,5) could be improved as R, =R, and R, =R, =R, =0. The
same as Myard’s plane-symmetric 5R linkage, the extended Myard 5R linkage still belongs to

the Goldberg’s 5R linkages.

2.3.5 Summary

A more general discussion on the overconstrained five-bar linkage with revolute, prismatic,
cylindrical and helical pairs was conducted to find all cases of overconstrained five-bar
mechanisms (Pamidi et al., 1973). However, when the joints are limited to revolute joint only,
the linkages shown above are the only overconstrained 5R linkages published in literatures
until now. From the above introduction, there is a clear view that all of the overconstrained
5R linkages belong to the family of Goldberg’s 5R linkages. Similar to the overconstrained
4R linkage, there is still only one linkage family in the category of overconstrained 5R

linkage with revolute joint only, which are the Goldberg’s 5R linkages.
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2.4 OVERCONSTRAINED 6R LINKAGES

There are several overconstrained 6R linkages that have been widely applied to industries for
a long time. For example, the double-Hooke’s joint linkage is widely used in the automobile
industry for power transmission, and the Schatz linkage is applied in the design of food
mixture machine (Baker et al., 1982). Another example is the Sarrus linkage (Sarrus, 1853),
which is also well applied to the design of deployable structures (Gantes, 1989). A detailed
study into the kinematics of various overconstrained 6R linkages was done by Dietmaier
(1995a). A refined list of 28 overconstrained 6R linkages was recently made by Baker (2002).
Most of these linkages belong to two major linkage families: the family of Bennett-based
linkages and the family of Bricard linkages. Major linkages in these two families will be

reviewed in what follows.

2.4.1 Goldberg’s 6R Linkages

Similar to the Goldberg’s 5R linkages, the Goldberg’s 6R linkages can be summarized as the
summation of one Goldberg 5R linkage (or its syncopation) with another Bennett linkage, as
well as the subtraction of it from a primary Bennett linkage. Four types of overconstrained 6R
linkages were developed by Goldberg (1943), which are the serial Goldberg 6R linkage in Fig.
2.4.1(a), the syncopated serial Goldberg 6R linkage in Fig. 2.4.1(b), the L-shape Goldberg 6R

linkage in Fig. 2.4.2(a) and the syncopated L-shape Goldberg 6R linkage in Fig. 2.4.2(b).

As shown in Fig. 2.4.1(a), the serial Goldberg 6R linkage is obtained by three Bennett

linkages connected in series on a common link b/ g . In Fig. 2.4.1(b), its syncopation is the

subtraction of a serial Goldberg 6R linkage from a primary Bennett linkage with two pairs of

links, a+c+d/a+y+06 and e/e, in a similar manner as the syncopated Goldberg 5R

linkage.
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8 ey 5 ds 4
b/p b/B b/B b
T oal ooy dis 2 a+c+d/oty+s 3
’ atctd/oty+s
e-b/e-
e-b/e-B F
Ve 6 7 5 ds
b/B
T ao cly /] b/»i/ _\¥
T T Tatctdlatyts
6 o 5 d5 4
1 ag ) atetd/aty+é
b/p e-b/e-B
b/p e-b/e-p
- > 4
(a) (b)

Fig. 2.4.1 The construction of (a) the serial Goldberg 6R linkage and (b) the syncopated serial

Goldberg 6R linkage.

The geometry conditions of the serial Goldberg 6R linkage and the syncopated serial

Goldberg 6R linkage are

a,=a,=b,a,=a+c+d, a,=d, a,=cC, a; =a,

Op =0y =P, p=0+y+0, A=0, As =), Ay =,

sina _sinf8_siny sing
a b c d

,R=0(=12,..,6);
and
a,=2a,=6e-b,a,=a+c+d, a,=d, a,=c, a; =4,
Q=03 ==, 0 =0+y+0, 05 =0, U5 =7, Ag =0,

sinag _sinf_siny sino sine _sin(a +y +0)
a b c d ' e a+c+d
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sina;ﬂsinyz’gsin5;ﬂ sing+a;y+5
= ,R=0(=12,..6),
sin® =P sin? =B in0=F pne=*-r=90
2 2 2 2

respectively.

an
a/a
d/s
a8 a/s
cly
b+d/B+4
b/p
atc/aty
a/e
b+d-e/p+6-¢ atc/oty
dams e-b/e-p
b+d/ﬁ+8/ ol
/ \oB
/ \
— — ———— —e
atc/aty
1 a/o_g®
b+d-e/p+5-¢ atdaty
2w e-b/s-B
> cy 4
2 atc/aty
(a) (b)

Fig. 2.4.2 The construction of (a) the L-shape Goldberg 6R linkage and (b) the syncopated L-

shape Goldberg 6R linkage.

In Fig. 2.4.2(a), the L-shape Goldberg 6R linkage is an extension of the Goldberg 5R

linkage. However, the new Bennett linkage shares another common link a/« with the 5R

linkage and is combined in a crossed direction, which forms an L-shape configuration. The

syncopated L-shape Goldberg 6R linkage is shown in Fig. 2.4.2(b), which is obtained from

the subtraction of an L-shape Goldberg 6R linkage from a primary Bennett linkage with link
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b+d-e/f+6—-¢ and e—b/e— . The geometry conditions of the L-shape Goldberg 6R
linkage and the syncopated L-shape Goldberg 6R linkage are
a,=b+d,a,=a+c, a, =b,a,=c,a,=d, a; =4,
A, =P+0, ap=a+y, 0y =0, A=V, Az =0, 0g =, (2.4.3)

sina _sinf_siny _SINS o _g(i=12,..6):
a b c d

and
a,=b+d-e,a,=a+c,a, =e-b,a,=Cc,a,=d, a;=a,
A, =P+0—¢,0p=0+y, Q== , 0=y, 0 =0, Qg =0,

sing _sinf _siny sind sing _sin(a +y)

a b C d e a+c (2.4.4)
sina;ﬂ sinyz’B sinngzlﬂ/
. - R =0(i=12..6),
sin? P sin? P intTeY
2 2 2

respectively.

The same as the Goldberg’s 5R linkages, during the construction of each Goldberg’s 6R
linkages, the kink angles are all locked to zero. A generalized case of each Goldberg’s 6R
linkages can be obtained in a similar way as the generalized Goldberg 5R linkage does. It
should be pointed out that unlike the Goldberg 5R linkage and its syncopation, the Goldberg

6R linkage and its syncopation are different linkages.

2.4.2 Variants of Goldberg’s 6R Linkages
By further utilizing Goldberg’s technique in the choice of links to be locked in Goldberg’s 6R

linkages, two variants of Goldberg’s 6R linkages were published by Baker (1993a).
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ale
d/s
/s
ale, 4 /5 o A/, c/y
b/B b/
b8 b/B bp
b/B b/B BB
L : : b/B b/B
ale. cly dlo 7
alo

1 ale_q
ctd/y+é

b+d/p+5 5
b/
4

29 3

(@) (b)

Fig. 2.4.3 The construction of (a) the variant of serial Goldberg 6R linkage and (b) the variant
of L-shape Goldberg 6R linkage.

The first variant is based on the serial Goldberg 6R linkage. As shown in Fig. 2.4.3(a),

three Bennett linkages with a link b/ 8 in common are placed in serial for combination.
Different from the serial Goldberg 6R linkage, one kink angle of link-pair a/a ~c/y at the
bottom left and another kink angle of link-pair c/y ~d /& at the top right are locked to zeros.

After removing the superposed links and joints, the variant of serial Goldberg 6R linkage will
be formed. The second variant is based on the L-shape Goldberg 6R linkage. As shown in Fig.
2.4.3(b), three Bennett linkages A, B and C are carefully chosen so that the two linkages on

the left share a common link a/« , and the two linkages at the bottom share a common link
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b/ g . After superposing the three linkages on the common links, one kink angle of link-pair
b/p~d/o on the left and another kink angle of link-pair ¢/ ~d /¢ on the top right can

be locked to zeros. Then, removing the superposed links and joints, the variant of L-shape
Goldberg 6R linkage will be formed. The geometry conditions of the first and second variant

of Goldberg’s 6R linkages are
a,=a,=b,a,=a+c, a,=d, a,=c+d, a5, =a,

Ap =0 =f, Apy=a+), 0y =0, Qg =y +0, Ay =0,

(2.4.5)
sina :Sinﬂ=5in7=5in5, R =0(=12..6);
a b c d
and
a,=b+d,a,=a,a,=c,a,,=b,a,=c+d, a5 =a,
U, =P+08, Qp=0a, ay =y, Qs =, ax=y+5, ag =0, (2.4.6)

sinag _sinf8 _siny sing
a b c d

R =0(=12,..6).

Both variants of the Goldberg’s 6R linkages can be generalized in a similar way as the

generalized Goldberg 5R linkage.

2.4.3 Wohlhart’s Double-Goldberg 6R Linkage

Wohlhart’s method could be viewed as an extension of Goldberg’s technique (Wohlhart,
1991a). In Fig. 2.4.4, two Goldberg 5R linkages are carefully chosen so that they share the
identical link-pair a/a ~c/y. The Wohlhart’s double-Goldberg 6R linkage is obtained by
firstly merging these two Goldberg 5R linkages on the common link-pair a/a ~c/y, and
then removing it out. A generalized Wohlhart’s double-Goldberg 6R linkage can be
constructed when the two kink angles are not constrained to be zero. When the kink angle is

zero, the geometry conditions of the Wohlhart’s double-Goldberg 6R linkage are

31



Chapter 2 Review of Overconstrained Linkages and Reconfigurable Mechanisms

%zzau:b,aaza%:a+c’%4:am:d,

0{12=a’34=ﬂ,0!23=0556=05+7,a34=a61:5’ (247)
sing _sing _siny _sing

R=0(=12..,6).
" s - 5 Ri=0d )

atc/aty
a5 s
a/o cly
a/a 4
b/B b/B
o atcloty
- a+c/lo+y R
d/is
dms A~
a7
b/B b/p
o a+clat+y
6e atc/oty ~
a5 dis
1 4
b/B b/B
27 atcloty 3

Fig. 2.4.4 The construction of the Wohlhart's double-Goldberg 6R linkage.

2.4.4 Back-to-back Double-Goldberg 6R Linkage

In the back-to-back double-Goldberg 6R linkage, the other three links 12, 23 and 34 are
chosen for connection (Chen and You, 2007). When both Goldberg 5R linkages are identical
in 6, and 6,, they share the same kinematic paths on these two joints. A 6R linkage can be

obtained by superposing on link-pair 12-23-34 and then removing the common links and

joints, as shown in Fig. 2.4.5. The geometry conditions are listed as follows.

32



Chapter 2 Review of Overconstrained Linkages and Reconfigurable Mechanisms

a,=a;, =4a, a23:a56:d—b, Qs =35 =C,

Ay =0y =Q, Uy =0Qsg =0—f, Qps =0, =7,

sing _sinB _siny _sing (2.4.8)

a b c d

/4 B

, tanﬂ~tan—:tan_.tan£’
2 2 2 2

R=0(=12,..6).

5
a/e, cly
1 4
cly

. a/o, 4 s /5
b/B b/B
27 atc/aty 3, atc/oty 3

a/o cly
d_b/a_ﬂ d‘b/&'p

Fig. 2.4.5 The construction of the back-to-back double-Goldberg 6R linkage.

Results shown in section 5.2 demonstrate that this linkage is actually a special case of the
Wohlhart’s double-Goldberg 6R linkage with a special geometry constraint. A different case
of the back-to-back double-Goldberg 6R linkage can be obtained by isomerizing link-pair 61-

12 into link-pair 61°-1°2, as shown in Fig. 2.4.6.
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4
alx cly
3 5
d_b/a_ﬂ d'b/a'ﬂ
6
2 o e a/x

Fig. 2.4.6 The isomerization between two cases of the back-to-back double Goldberg 6R
linkage.
Different from Wohlhart’s result, a different geometry constraint on the offsets could be
introduced in the back-to-back double-Goldberg 6R linkage, which is similar to the linkage
found by Mavroidis and Roth (1995). The patterns of offsets are the same as in Mavroidis

and Roth’s 6R linkage, which are

R, =R, =0, R, =R;, R, =R; for the original case,
(2.4.9)
or R, =R, =0, R, =R;, R; =R; for the isomerized case.

2.4.5 Waldron’s Hybrid 6R Linkage

This linkage was proposed by Waldron (1968) which combines a pair of 4-bar linkages and
only the case of two 4R linkages is useful for us. This linkage could be further degenerated
into the Goldberg’s 5R linkages (Baker, 1993a). In order to build this hybrid 6R linkage, two
Bennett linkages are randomly chosen and collinearly placed in such a way that one joint

from each Bennett linkages shares the same revolute axis in space, as shown in Fig. 2.4.7.

After defining the relative distance e between the two joints along the common axis and
locking the two kink angles, ¢, between the adjacent links b/¢ and d/¢, and &, between

the adjacent links a/« and c/y, to fixed values, a new link could be introduced to replace
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each link-pair with offsets added to the corresponding links. However, the geometry

conditions of this linkage were not given by Waldron, but later provided by Baker (1993a).

alo. _a_b/B
a1 &Y

b/B a/a s
cly

6 o
~
1 b/ﬁ*’ﬁ_f?/ s
\
e K o
2 /v\‘fzj

Fig. 2.4.7 The construction of the Waldron's hybrid 6R linkage.

2.4.6 Yu & Baker’s Syncopated 6R Linkage

During the degeneration process from the Waldron’s hybrid 6R linkage into the Goldberg 5R
linkage, Yu and Baker (1981) noticed a special state of the Waldron’s hybrid 6R linkage
where syncopation can be formed using Goldberg’s method. In the degeneration process

shown in Fig. 2.4.8, two Bennett linkages are randomly chosen to be connected.
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an

atc/aty

Fig. 2.4.8 The degeneration process from a Waldron's hybrid 6R linkage into a Goldberg 5R
linkage.

They are placed in such a manner that the offset e along the common revolute axis shrinks to
zero, the kink angle ¢, is locked to 0 and another kink angle ¢, is locked to 7. Thus, the two
links b/ and d/o forming kink angle &, are now overlapped while the other two links
ala and c/y forming kink angle &, are now collinearly posed. After firstly removing the

overlapped part, and then combining the collinearly posed links, a special case of the
Waldron’s hybrid 6R linkage can be formed. When the two Bennett linkages are carefully

chosen to share a common link on the overlapped part, or link b/ g is chosen to be the same

as link d /&, a Goldberg 5R linkage can be obtained subsequently.
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a/o
cly
b/ ' a5
T a cy
atc/ot+y
e-b/e-
P e-d/e-6
! v-dp-s 7
/
/ I \
2 3
1
6 4
5

Fig. 2.4.9 The construction of the Yu & Baker's syncopated 6R linkage.

Following Goldberg’s method of using a Goldberg 5R linkage to form a syncopated 5R
linkage, Yu and Baker did the same operation to the special case of Waldron’s hybrid 6R
linkage to find a syncopated 6R linkage in Fig. 2.4.9. This linkage can be degenerated into the
syncopated Goldberg 5R linkage when link b/6 shares the same geometry conditions as link

d /o . The geometry conditions of the Yu & Baker’s syncopated 6R linkage are
a,=e—b,a,=a+c, a,=e-d,a,=c, a,=b-d, a; =a,
A =E—L,0py=0+),04 =0, 05=),05=p-0, 0=,
sina _sinf _siny sino sl a;ﬂ sin 7/;5 _ sin 2T

a b C d ’sina_ﬂsiny_g sin
2 2

(2.4.10)

2
E—a—y’
2

sing:sin(a+y) R =0(i=12..6)
e a+c o
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2.4.7 Mavroidis & Roth’s 6R Linkage and Dietmaier’s 6R Linkage

The methods adopted in finding the above overconstrained 6R linkages are mainly geometry
based, which only give parts of the solutions to the family of overconstrained 6R linkages. As
the development in inverse kinematics goes broader and deeper, numerical based methods
have been developed which utilize the power of computers to find the solutions in a different
way. Mavroidis, Roth and Dietmaier are the pioneers in utilizing the inverse kinematics

methods to find new overconstrained 6R linkages.

The linkage found by Mavroidis and Roth (1995) is based on a numerical scheme
developed by Raghavan and Roth (1990). The purpose of this scheme is to solve the inverse
kinematics for general 6R manipulators. Any close-loop mechanism can be viewed as a serial
robot arm with its end-effector attached to its base frame. By solving the inverse kinematics
of a closed-loop 6R mechanism, an overconstrained 6R linkage was proposed by Mavroidis

and Roth with the following geometry conditions

By = 8y, 83 = 8gg, g5 = gy,

Uy =gy, Az = g, Ays = Ay

sina,, sina,, Sina,;  Sinag, (2.4.11)

a12 a34 a45 aGl

R =R,=0,R,=R;, Ry=R;or R, =R, =0, R, =R;, Ry =R;.
The geometry conditions in Eq. (2.4.11) share certain similarities to the Wohlhart’s double-
Goldberg 6R linkage in Eqg. (2.4.7). In terms of generosity, the geometry conditions in Eq.
(2.4.11) cover the generalized Wohlhart’s double-Goldberg 6R linkage in the choice of
lengths and twists on links 23 and 56. On the other hand, there is another case of the
Mavroidis & Roth’s 6R linkage when the geometry conditions on links 34 and 45 are

exchanged, which is the same as in the back-to-back double-Goldberg 6R linkage. Even
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though the Mavroidis & Roth’s 6R linkage is found using numerical method, we can still find
its correlation with other existing linkages found using construct methods, which is an
interesting phenomenon that worth attentions. Later, another overconstrained 6R linkage was
found by Dietmaier (1995b) using the numerical scheme developed by Lee and Liang (1988).
After trying to solve the same inverse kinematics problem and observing the results, a new

linkage was proposed with the following geometry conditions.

sina;, sinag  Sina,,  Sina,
= : = ) Gp3 = 8gg, Op3 = Usg,
a12 a61 a34 a45

(2.4.12)

sina sina
——12 .(cosa,, +COS ) = 3. (COS gy +COS )
2 34

R,=R;, R,=R,, Ry=R; =0.
The geometry conditions shown above were summarized by Dietmaier through observation
of the raw data. In the meanwhile, he claimed that when further constraints are added to Eqg.

(2.4.12) so that a, =a,,, a,, =a,, &, =, and a, =a, , the Mavroidis & Roth’s 6R

linkage could be obtained, apart from the part that offsets are interchangeable in Mavroidis &
Roth’s 6R linkage. Recently, the mobility of Dietmaier’s linkage is confirmed by Baker
(2010) using single reciprocal screw method. The discovery of both linkages set a good
example in the application of inverse kinematics methods in finding new overconstrained 6R
linkage. Despite the fact that different methods are used, these two linkages indeed share

some similarities in geometry conditions which worth attentions.

2.4.8 Bricard Linkages
One of the most fascinating and remarkable linkage families in the overconstrained 6R
linkages is the family of Bricard linkages (Bricard, 1897; 1927). Review to the Bricard

linkages was included in section 1.2. There are six cases in the original family, including:
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(1) The general line-symmetric case,

Ay, = Qy5, Ay3 = 8gg, 8y = gy,

R,=R,, R, =R, Ry, =R;;
(2) The general plane-symmetric case,

8y, =8g1, 8y3 = 8y, gy = 8ys,

Oy T Qgy =TT, Qpz T Qg =TT, gy +Uys =70,

(3) The trihedral case,
2 2 2 2 2 2
A, + 85 T 855 =8y + a5 + 3,

_ . _72' _ _ _ T
Ay = O3y = Asg _E’ a23_a45_a61__51

R =0(=12,..,6);
(4) The line-symmetric octahedral case,
A, =8y =8y =8 =83 =8,, =0, R =R,, R, =R;, Ry =Rg;

(5) The plane-symmetric octahedral case,

aiz232323-34:&45:3-56:&61:0’

sina sina.
R1+R4:O,R2:_R1' . * ,R3:R1' . = .
sin(ay, + a,) sin(ay, + a,)
sina, sina
R, =R — - Rs =—R 45

v sin(as + o) | a sin(ays + o)
(6) The doubly collapsible octahedral case,

aiz:azszaszl:aAs:ass:ael:O, Rl‘R3'R5+R2'R4'R6:0-
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2.4.9 The Revised General Line-symmetric and Plane-symmetric Bricard Linkages

During the numerical search of new and revised overconstrained linkages, Mavroidis and
Roth (1995) found additional linkage closures which are similar to the original general line-
symmetric and plane-symmetric Bricard linkages. The geometry conditions of the revised

general line-symmetric Bricard linkage are
&, = 8,5, 8y =g, Ay =g,
Oy = Qg , Opy = Olgg, Qgy = Olgy, (2.4.19)
R,=-R,, R,=-R,, R, =—R;.
Note that in this revised case, the offsets on the opposite links are set as negatively equaled,
which is different from the original case, where the offset on the opposite links are positively

equaled in Eg. (2.4.13). Further analysis about the differences between the original and

revised general line-symmetric Bricard linkage is addressed in chapter 4.

In the revised general plane-symmetric Bricard linkage, the geometry conditions are
Ay =841, 8y3 =855, g4 = ys,
o, +ay =0, a,n+a,=0, a;+a, =0, (2.4.20)
R, =R,=0, R,=—-R,, R, =-R,.
Note that in this revised case, the twists and offsets are set in a different manner compared to

Eq. (2.4.14).

2.4.10 Altmann’s 6R Linkage
A 6R linkage was published by Altmann (1954) and was later identified as a simplified case

of Bricard’s general line-symmetric 6R linkage. It was studied by Phillips (1984; 1990), and
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re-examined by Baker (1993b) using the screw system algebra. Its geometry conditions are

listed as follows.
, =845, 83 =85 =0, 83 =ag,

T Vs
Ay = Up3 = Qzy = U5 = E, Qs = Uy = _E, (2.4.21)

R=0(=12,..6).

2.4.11 Wohlhart’s Hybrid 6R Linkage

It was noticed that in some linkages there exist a transversal line that intersects all revolute
axes during the linkage’s full-cycle movement. Such characteristic exists in general plane-
symmetric Bricard linkages, trihedral Bricard linkages, Bennett linkage, plane-symmetric
Myard 5R linkage and double-Hooke’s linkage. Based on this observation, an
overconstrained 6R linkage was proposed by Wohlhart (1987) with three link-pairs of partial
symmetry. In Fig. 2.4.10, the three link-pairs with partial symmetry are 61-12, 23-34 and 45-

56.

' -

II transversal line
4 I
!

)
[
I

Fig. 2.4.10 The Wohlhart's 6R linkage with partial symmetry and a transversal axis in
common.

The geometry conditions of Wohlhart’s hybrid 6R linkage are
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A, =38y, A3 = a5, A5 = a4,
Ay =—Cy3, Uy =—Qys, Ogg =g, (2.4.22)

R =R,=R,=R,+R,+R, =0,

2.4.12 Summary

The purpose of this review is not meant to include all the linkages in the category of
overconstrained 6R linkages, but to review the major linkages in this category and summarize
the historical relationship among them. The reader is encouraged to refer to the work by
Dietmaier (1995a) for a detailed study into the kinematics of various overconstrained 6R
linkages and Baker (2002) for a refined list of 28 overconstrained 6R linkages that have been
published in literatures. The overconstrained 6R linkages could not be easily classified into a
single linkage family like the overconstrained 5R and 4R linkages. Among them, two major
linkage families could be generalized, which are the Bennett-based linkage family and the
Bricard linkage family. Linkages in the Bennett-based linkage family are constructed from
the combination and subtraction from the basic linkages, such as the Bennett linkage and the
Goldberg linkages. Linkage in the Bricard linkage family makes use of special geometry
constraint in line-symmetry, plane-symmetry, common transversal and etc. to form
overconstrained 6R linkages. Even though for linkages like the Mavroidis & Roth’s 6R
linkage and Dietmaier’s 6R linkage, which were found through inverse kinematics methods,
they still share similarities in the geometry conditions and spatial configurations with other

existing linkages in the Bennett-based and Bricard families.
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2.5 RECONFIGURABLE MECHANISMS

Recent advance in mechanism design promotes the development of a class of mechanisms
which are reconfigurable with multiple operation forms. Such reconfigurable mechanisms are
based on solely one mechanism and are capable of fulfilling multiple tasks in different
operation forms. A comprehensive review about the current development, principles and
strategies of the reconfigurable mechanisms was discussed in (Kuo et al., 2009). Several
mechanisms found in the past two decades exhibit the property of reconfiguration during
operation. The kinematotropic mechanisms (Wohlhart, 1996) can change its global mobility
with positional parameter actuations at the bifurcation points. A number of single- and multi-
loop kinematotropic mechanisms are found recently (Galletti and Fanghella, 1999; 2001;
Galletti and Giannotti, 2002). The metamorphic mechanism (Dai and Rees Jones, 1999) has
received wide recognition during the past decade, which has variable topology and mobility
during operation. Theoretical studies in (Dai and Rees Jones, 2005; Lan and Du, 2008; Zhang
and Dai, 2009b) discussed the topological changes in the metamorphic mechanisms.
Application of the metamorphic mechanisms can be found in robotics design (Dai and Wang,
2007), biological modeling (Zhang et al., 2008) and genome reconfigurations (Zhang and Dai,
2008). Mechanism with variable topologies also draws attentions for its reconfigurable

potentials (Yan and Kang, 2009; Yan and Kuo, 2006a; 2006b).

This dissertation focuses on the reconfigurable mechanism that is based on the
transformation among different kinematic paths using kinematic singularities (Kong and
Huang, 2009; Wohlhart, 1996; 2010), such as kinematotropy mechanism (Wohlhart, 1996)
and mechanism with bifurcations. The kinematotropy mechanism can change their global
mobility with positional actuations at the transit positions. Galletti and Fanghella (2001)

designed a series of kinematotropy mechanisms using the displacement group method. With
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the group-algebraic approach, Lee and Hervé (2005) found that a closed-loop chain can be
reconfigured when there are two or more subgroups involved in the mechanism. Another type
of singularity is applied to design linkages with desired bifurcated paths. Recently, Kong and
Huang (2009) proposed a number of one degree of freedom single-loop mechanisms with two
operation modes. Wohlhart (2010) also proposed a series of multifunctional 7R linkages by

inserting an overconstrained 4R, 5R or 6R mobile chain into a closed-loop 7R linkage.
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Chapter 3

The Double-Goldberg Linkage Family

3.1 OVERVIEW

In this chapter, the double-Goldberg linkage family is presented by using the Goldberg 5R
linkages or the subtractive Goldberg 5R linkages as the building blocks to construct
overconstrained 6R linkages. A large number of linkages are covered under this linkage
family. A family of mixed double-Goldberg 6R linkage is used as an example to explain the

construct details of this linkage family.

The layout of this chapter is as follows. Section 3.2 reviews the Goldberg 5R linkage and
the subtractive Goldberg 5R linkage. Two construct methods and all the possible resultant 6R
linkages are listed in section 3.3. In section 3.4, the six distinct types of the mixed double-
Goldberg linkages are analyzed individually with closure equations. The properties and
extensions of this new linkage family are discussed in section 3.5, which concludes this

chapter.

3.2 THE GOLDBERG AND SUBTRACTIVE GOLDBERG 5R LINKAGES

When superposing two Bennett linkages on a common link a/« and locking the two
adjacent links b/ g and c/y collinearly as shown in Fig. 3.2.1, a Goldberg 5R linkage can
be obtained after removing the common link and joints (Baker, 1979; Goldberg, 1943). Its

geometry conditions and closure equations are reproduced as follows.
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Ay, =8y, Ayg = Ays T 85y, Ay = Agyy Upg = Ayg + Uy,

singy, _sinay, _sinay,

R =0(=12,..,5)
&, 8, 8y,

and
O+ 0. O+
0 sin 12 0 tan —Lsin =412
tan—= = tan = 2 ,
2 tan 2 sin %5~ %12 2 sin %45~ %2
2 2 2

6,+0,=7,0,+0,+06, =r.

b/p 4

biB

f /a/a
b-clp-y 3 —;:/_}7—_\\)

ale

Fig. 3.2.2 The construction of the subtractive Goldberg 5R linkage.
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Similarly, with the same two Bennett linkages used in the construction of Goldberg 5R

linkage, a subtractive Goldberg 5R linkage can be obtained when links b/ and c/y are

inversely posed as shown in Fig. 3.2.2. The corresponding geometry conditions and closure

equations are

Ay =gy, Ay = A5 —8gp, Qgp =0y, Olpz = Olys — gy,

| | - 3.2.3
sina,, _sina,s _sinag, R =0(=12..,5): o
a, ds 851 L |
and
Sinm tanﬂ.sinm
tan 22 — i — ,tan?3: o ,
tanjl-sinM sin == (3.24)

6,+6,=0,0,+0,+6,=0,

respectively.

3.3 THE CONSTRUCT METHODS
The Bennett ratio is defined to characterize the Bennett linkage as a proportional relationship
between the sine of twist and length of the link. Four basic links, a/a, b/ g, c/y and d/6

with the same Bennett ratios,

sing _sing _siny sing
a b c d

, (3.3.1)

will be used in the following construct methods. There are two construct methods to combine
two 5R linkages into a 6R linkage. Here, we name a link-pair as two adjacent links connected
by a shared joint. Wohlhart (1991a) proposed the first construction method when forming his
double-Goldberg 6R linkage. In detail, two linkages with the identical link-pairs are

connected together by superposing on this common link-pair as shown in Fig. 3.3.1(a). After
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removing the commonly shared link-pair, the rest part will form a single-loop
overconstrained linkage. We call such method the common link-pair (CLP). For the second
construct method, instead of making the identical link-pairs superposed, we can connect them
into a Bennett linkage, as shown in Fig. 3.3.1(b) in dash lines. Removing this commonly
shared Bennett linkage will also produce a single-loop overconstrained linkage. And this

method is called the common Bennett-linkage (CBL).

link-pair of one linkage
ala

link-pair of one linkage
ala

cly

cly
link-pair of another linkage

ala

link-pair of another linkage

(@) (b)

Fig. 3.3.1 The methods of (a) common link-pair and (b) common Bennett-linkage.

Here, two different 5R linkages will be used as the construct elements of the new linkage
family, including a subtractive Goldberg 5R linkage S and a Goldberg 5R linkage G. In order
to form the common link-pair and common Bennett-linkage, linkages S and G both comprise
of links a/« and c/y. When the link-pair a/« ~c/y is located at different parts of the 5R
linkage, three possible configurations of the Goldberg 5R linkage can be formed. So does the

subtractive Goldberg 5R linkage, as listed in Fig. 3.3.2.
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4 b/p 5
d/s
. ala 7 5 . ala 4
cly s cly cly G1 cly
) e A 2 a+d/a+o6 3
a-bla—
4 cly 5
bIB — ;s dis cly 4
1 1
G2 /
ale S2 ala ala aa
20 bclfr 3 2 ctd/y+o >
4 cly 5
ala P o alea cly 4
1 1
dls G3 dls
b/p s3 bip
2 a—y 3 2 arelaty ’
a-c/a—
(a) (b)

Fig. 3.3.2 The schematics of (a) the subtractive Goldberg 5R linkage S and (b) the Goldberg
5R linkage G that could be used for connection.

As we are going to construct 6R linkage by combining one subtractive Goldberg 5R
linkage and one Goldberg 5R linkage through common link-pair and common Bennett-
linkage, there are totally 18 (=3x3x2) possible combinations. However, after careful
examination, duplicates are identified and removed. Thus, only six distinct types of linkages

can be constructed with proposed linkages and methods, which are listed in Table 3.3.1.
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Table 3.3.1 All possible constructions of the mixed double-Goldberg 6R linkages.

Linkage Construct .
Type s 1 G Method Schematics
dlé
a+c/aty
a+c/aty
c/}'/
| | S3|G3| CLP&CBL W@y
b/p
a-cla—y
S3 | Gl
S3 | G2
1 CLP&CBL cly
S1 | G3
S2 | G3
a-c/la—y
cly
s1 | 61 w — i
" CLP ala ﬂ e
b-c/f—y
S2 G2 ala b-c/B-y ct+d/y+6
c+d/}'+5
cly
S1 |Gl 2L c+d/y+d
ala
\Y; CBL ale o
s2 | G2 b-elp-r o
dlé -
(204
C/}’ 0/}’
cly
S1 | G2 /
Vv CLP
b-c/B—y
S2 | G1 P
cly
cly
b/ p 4
S l GZ aa ala Js a+d/a+d /s
Vi CBL = .
a+d/a+é8 aa
s2 | 61 ara
bclBr o ey
cly

51




Chapter 3 The Double-Goldberg Linkage Family

3.4 SIX TYPES OF MIXED DOUBLE-GOLDBERG 6R LINKAGES
Because all of the six distinct linkages listed in Table 3.3.1 are built from two different types
of 5R linkages, we name them as a family of mixed double-Goldberg 6R linkages. To

simplify the representation, six sets of mathematical relationships are defined as below.

sinﬂ;a sin7+a sin5+a
ml = _ ) m2 - _ ) m3 = _ )
sinﬂ2 sin7 sin
(3.4.1)
sinégy sinazﬂ sinﬂ;y
Mm=—="" M=—F"7, Mg =""7"".
smu sin(S B sin'B Y
2 2 2

Here, only Type I linkage is presented with detailed derivation process. The rest linkage types

can be derived in a similar manner.

3.4.1 Type |

Linkages S3 and G3 are selected to build the Type | mixed double-Goldberg 6R linkage. As
shown in Fig. 3.4.1, link-pair 51-45 of linkages S3 and G3 share the same geometry
conditions so that they can be merged to form a common link-pair connection. After
removing the connection, a single-loop 6R linkage can be obtained. The geometry conditions
of linkages S3 and G3 are

s3 s3 s3 s3 s3
a;, =ay =b, a,; =a—C, 8, =C, a; =4,

3 s3_ s3 s3 s3
Ay =03 =P, 0y ==y, U =), Ug =,

(3.4.2)

G3 G3 G3 G3 G3
a, =a,, =d, a, =a+c, a, =cC, a; =a,

G363 _ G3 G3 _ G3 _
Ay =Qyy =0, Uy =QA+Y, Uy =), U, =,
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5 O a+claty ~

Fig. 3.4.1 The construction of the Type | mixed double-Goldberg 6R linkage.

From Fig. 3.4.1, the geometry conditions of the resultant 6R linkage can be obtained.
a,=a-C, 8y =ay =0, a, =25 =d, a5 =a+c,

Q=0 =), 0y =0g =P, 0y =05=0, A)g=a+y, (3.4.3)
sing_sinf _siny sing

R =0(=12,..06).
a b C d " ( )

According to Egs. (3.2.2) and (3.2.4), the closure equations of linkages S3 and G3 can be

written as
tan o
S3 S3 -
tan e —__ M , tan % _ 2 L OC+0° =0, 05 +05° +65° =0; (3.4.4)
2 053 2 m 1 4 2 3 5
tan —+— 6
and
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G3 G3 663
tan “2— = ———2_ tan ; :m4tan17, 0F+0F =r, 02+ +0F° =x, (3.4.5)

respectively. The compatibility relationship between revolute variables of the resultant 6R

linkage and linkages S3 and G3 are

0,=65,60,=65,0,=6"-6>+r,

(3.4.6)
0,=21-03,0,=27-6%, 0,=6> -0 +r.
In addition, the compatibility relationship,
;" = 6.7, (3.4.7)

must be held to build a successful connection. The closure equations of the Type | mixed
double-Goldberg 6R linkage are derived by substituting Egs. (3.4.6) and (3.4.7) into Egs.

(3.4.4) and (3.4.5) as follows. The kinematic paths of the Type | linkage are plotted in Fig.

3.4.2.
tanﬁz—L, 0, =7+2tan*Q—-2tan ng tanZe__Mz2
m, tan - tan —*
2 2 (3.4.8)
tan&:m4 tanﬁ, g, =2tan™ mZH —2tan™Q,
2 2 tan %
2
in which

2
L L m e em, | can2 ™| (0 <o, 7))
2H m, m, m,

Q={ : ,

1 _[i+m4j—\/[i+m4j +4H? M2 | (g e[, 0))
2H| (m, m, m, (3.4.9)
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0 . 0, - 0,
Ty
=z / z N\ = \\
2 2 N "7 2 \
0 0 0 \
oz oz = \
2 V4 2 2 \
- 0 _ 0 _ \ o)
(7] T (7] T (7]
- _T” 0 % [ - =% 0 % T -z —?” 0 7” n
n 6s T Bs
A\ \ L a,,=0.1713 o, =—1157/180
- = / 2,=0.7310 @,=707/180
\ = 2,,=0.6763 ,,=1207/180
01\ 0 4,~0.8287 a,=157/180
3 \ 7z 4,,=0.6763 a,=1207/180
2 N 2 4,=0.7310 a,=707/180
\°\\ s " R=0(i=1,2, ...,6)
-7 [+ -T (75}
- —7” 0 % 74 -7 _T” 0 % T

Fig. 3.4.2 The kinematic paths of the Type | mixed double-Goldberg 6R linkage.

It should be pointed out that using common Bennett-linkage method with the same
linkages S3 and G3, the same linkage could be formed in a different configuration. In Fig.
3.4.2 for example, the hollow dots represent the configuration of the 6R linkage from
common link-pair method 8, =4S, and the solid dots represent the configuration from
common Bennett-linkage method &, = 0", then 67" = -6®-. When we replace linkage

S3 with Goldberg 5R linkage G3 and follow the same construction as shown above, the
Wohlhart’s double-Goldberg 6R linkage will be obtained. However, in Wohlhart’s linkage,
bifurcations are later detected which will transform the linkage into non-constructive forms
(Song and Chen, 2011); while in the Type | linkage derived above, no bifurcation has been

found. Therefore, the Type | mixed double-Goldberg 6R linkage could be considered as a

variant of Wohlhart’s double-Goldberg 6R linkage.
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3.4.2 Type 1l

Linkages S2 and G3 are selected to build the Type Il mixed double-Goldberg 6R linkage. As
shown in Fig. 3.4.3, link-pair 34-45 of linkage S2 and link-pair 51-45 of linkage G3 share the
same geometry conditions so that they can be merged to form a common link-pair. After
removing the connection, a single-loop 6R linkage can be obtained. The geometry conditions
of linkages S2 and G3 are

s2 s2 s2 s2 s2
a, =@y =a, a,; =bh-c, a;=c, a; =b

2 s2 2 2 2 .
Ay =0z =A, Az =B—y, Qs =), U5, =,

(3.4.10)
ay =ay =d, ay =a+c, a. =C, a5 =a,
aﬁs =a3cf=5, a2633=a+7/, aﬁ)3=7/, 055613 =a.
atcla+y 5
Fig. 3.4.3 The construction of the Type Il mixed double-Goldberg 6R linkage.
Thus the geometry conditions of the resultant 6R linkage are
a,=a, ay=b-Cc,a,=a,=d, a,=a+c, a5 =b, (3.4.11)

a,, =a, Ay =PV, 0y =0y =0, 0z =a+y, ag =p,
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sinad_sing _siny sing

R =0(i=12,..6).

a b c d
27702 2ﬂ93 2”94
T T n
0 0 0
- - -7
-2n 6, —27 0, —21 0,
-2 -n 0 T 2 -2 - 0 T 2 -2 -r 0 T 2r
2 0s 2T 96
a,,=0.5000 «,,=407/180
4 4 0,,=0.3449 a,~—357/180
a,,=0.7310 ,=707/180
0 0 a,;=0.8287 a,~=157/180
a,=0.7310 a,=707/180
- -
a,=0.6763 o,=1207/180
=27 0 -2 o R=0(G=1,2,...,6)
-2r -7 0 n ! -2 -m 0 b3 27t

Fig. 3.4.4 The kinematic paths of the Type Il mixed double-Goldberg 6R linkage.

The closure equations of the Type Il 6R linkage can be derived as follows and its kinematic

paths are plotted in Fig. 3.4.4.

0,
0, P-tan—-m,

, tan—= =
[ 2

tan & — ml 04 m3

, fan—=——=

tan—>+P-m,
2 (3.4.12)

261

tan ) +mm, — P-(ml—mz)tanez1

tan%:—P-m4, tan—= =
2

(m, —m )tanﬁ+P- m,m +tan2ﬁ
1 2 2 1772 2

in which

—9{(m3m4 —1)i\/(m3m4 ~1f —4m,m, tan? %} .

2m, tan
2

As shown in Table 3.3.1, the same linkage will be obtained when using the common

Bennett-linkage method. On the kinematic paths, the linkage obtained from common link-
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pair (hollow dots in Fig. 3.4.4) has a phase delay of 27z when comparing to the linkage
obtained from common Bennett-linkage (solid dots in Fig. 3.4.4). Due to the similarity of 5R

linkages, S3+G1, S3+G2 and S1+G3 will also give the same 6R linkages. From the kinematic

paths, it is interesting to note that 6, needs to rotate two full cycles, or variate in the range of
[-27,27), so that 6,, 6,, 6, and 6, have one full cycle of movement while 6, follows with

two cycles of motion. When the linkage S2 is replaced by Goldberg 5R linkage G2, the Type
I linkage will be the second variant of Goldberg 6R linkage proposed by Baker (1993a).
Therefore, the Type Il is viewed as a variant of Baker’s second variant of Goldberg 6R

linkage.

3.4.3 Types Il and 1V

Linkages S2 and G2 are selected to build the Types Il and IV mixed double-Goldberg 6R
linkage. Link-pair 34-45 of these two linkages share the same geometry conditions so that
they can be merged to form a common link-pair. After removing the connection, a Type 1l
linkage can be obtained as shown in Fig. 3.4.5. The geometry conditions of linkages S2 and

G2 are

) ) S2 ) s2
a, =383 =a, ay =b-c, a; =C, a5 =b,

ay =ay =a,an=F-y, ar =y, ag =p;
(3.4.13)

G2 _ G2 G2 G2 G2
a, =8y =Aa, a8 =Cc+d, a; =c, a5 =d,

G2 _ G2 _ G2 _ G2 G2 _
Ay =gy =, Uy =y +06, Qs =7, Ug; =0.
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2 b-c/f-y 3 ctd/y+é

Fig. 3.4.5 The construction of the Type I11 mixed double-Goldberg 6R linkage.

From Fig. 3.4.5, the geometry conditions of the Type 111 linkage can be obtained.
a,=a,=a, a,=b-c,a,=c+d, a;,=d, a, =b,

A= =0, Ay =Py, Ay =y +0, tsg =0, g, = B,

. . : . (3.4.14)
Sine _sinfg_siny sing

a b C d '

R =0(=12,..6).
When we change the construction method to the common Bennett-linkage to connect

linkages S2 and G2, the Type IV linkage will be obtained, see Fig. 3.4.6. Therefore, the

geometry conditions of the Type IV linkage are
a,=8a,=a, a,=b-c,a,=d,a,=c+d, a; =b,

Uy =Q =0, Ay =Py, Ay =0, U=y +0, ay =p,

, , : , (3.4.15)
Sine¢ _sinfg_siny sing

a b C d '

R=0(i=12,..6).
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dlo / /
I
II /I
(—)\
2 b \

-c/B~-y 3 @,

Fig. 3.4.6 The construction of the Type IV mixed double-Goldberg 6R linkage.

The closure equations of Types Il and IV mixed double-Goldberg 6R linkages are

derived as
tanﬁz mle , 6,=0, tanﬁz—mgtanﬁ,
2 @ 2 2
O, =tr—0,, tan—2 = 02 ;
m, +m, tan® —*
2
and
o,
m, +m, tan® -+
6 2 3
tan %2 mle : tan?3= 5 0=t -0,
tan—- (m,m, -1)tan—*
2 2 ) (3.4.17)
m,m, + tan® —-
Hl 1172 2

tani: m,tan—1 tan—= =
2 2 0,
(m, —m, )tan >

respectively. Their kinematic paths are plotted in Fig. 3.4.7 and Fig. 3.4.8.
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- 0, . 0 i 0,
-z \ z z /
2 2 2
0 0 0
_T _T _
2N 2 2 Y4
- 01 - 01 -7 01
-7 I -7 I -7 - X =z
T ) 0 5 w /4 > 0 > T T > 0 5
p 6s z O
2,,=0.5000 a,,~407/180
- — a,=0.3449 0,~—357/180
4,=1.0597 @, =—1357/180
0 0 4,~0.5000 02,~407/180
3 =z 4,=0.7310 , =707/180
2 2 4,=0.6763 a,=1207/180
R=0(i=1,2,...,6
-7 r 7 ﬂ'-l/]l -7 — " = ”01 i (1 )
- == 0 > -7 == 5

T T 03 94
l N\, 2 z
2 2 2
0 0 0
_T _T _
2N 2 2
-z 01 - 01 -7 01
g I -z - I oz g - T oz
T2 0 3 g ) 0 3 ) 0 3
x 9 z G
a,,=0.5000 o,=407/180
T / z =0.3449 @,=—357/180
7 7 a,=u. Qp=—IIT
2,=0.7310 a,=707%/180
0 0 3,=0.5000 a,=407/180
T z 2,=1.0597 o, =—1357/180)
2 V4 2 4,=0.6763 a,=1207/180
- o, - 0, R=0(i=1,2, ..., 6)

Fig. 3.4.8 The kinematic paths of the Type IV mixed double-Goldberg 6R linkage.

For Type Il linkage, it is obvious that &, is constrained to zero during the full cycle

movement. The instantaneous mobility of joint 3 is locked to zero for the whole domain.

Thus, the link-pair 23-34 could be viewed as a composite link 24 of b+d / g+ 6. Therefore,

the Type 111 is equivalent to a Goldberg 5R linkage. For Type IV linkage, from the construct
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method and geometry conditions, the Type IV can be considered as a variant of Baker’s first
variant of Goldberg 6R linkage (Baker, 1993a). As demonstrated in Table 3.3.1, the

connection between S1 and G1 gives the same 6R linkages.

3.4.4 Types V and VI

Linkages S2 and G1 are selected to build the Types V and VI mixed double-Goldberg 6R
linkage. Link-pair 34-45 of linkage S2 and link-pair 51-12 of linkage G1 share the same
geometry conditions. They can be merged to form a common link-pair connection. After
removing the connection, a Type V linkage can be obtained in Fig. 3.4.9. The geometry

conditions of linkages S2 and G1 are

S2 _ .2 s2 s2 s2
a, =8y =a, 8, =b-c, a; =c, a; =b,

Ay =05 =0, ayn=f~y, dp =7, ay =f;
(3.4.18)

G1 G1 G1 G1 G1
a, =a, =C, a, =a+d, a, =d, a; =a,

61 61
Qp =03 =7, 0y =A+0, Qs =0, 0 =a.

atdla+d

atdlatéd

Fig. 3.4.9 The construction of the Type V mixed double-Goldberg 6R linkage.

Thus, the geometry conditions of the resultant 6R linkage can be obtained.
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a,=a, 8y=b-c,a,=d,a,=Cc,a,=a+d, a; =b,

a]_z:a’ a23='8—}/’ a34=6’ a45=7/, a56=0{+5, a61=ﬂ) (3419)

sina _sinf_siny sind
a b c d

JR=0(=12..6).

Similar to Types Il and IV, we can change the connection method to the common Bennett-
linkage to connect linkages S2 and G1 to obtain the Type VI linkage, see Fig. 3.4.10. The

geometry conditions of the Type VI linkage are
a,=a, ay=b-c,a,=a+d,a,=C, a,=d, a; =b,
Op =0, Au=P~), Uy =0+0, A=Y, Qg =0, A5 =3, (3.4.20)

sinag _sing _siny sing
a b c d

JR=0(=12,..6).

Fig. 3.4.10 The construction of the Type VI mixed double-Goldberg 6R linkage.
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The closure equations of Types V and VI mixed double-Goldberg 6R linkages are derived

as
tan—- 2 m, tan %
i P ? m (3.4.21)
0,=tn-0,, 6, =*tr1-06,, tan=2=— 10 :
2 tan—*
2
and
0
tan
tanﬁz M, ,tan&:—2 : tanﬂ:m“tanﬁ,
tanﬁ 2 m, 2 2

3.4.22
(m, tan* = + mm,m, +m, —m )tanﬁ ( )
96 4 2 17274 1 2

O, =tr—-0,, tan—=

(m,m, —m,m, —1)tan? Zl —m,m,

respectively. Their kinematic paths are plotted in Fig. 3.4.11 and Fig. 3.4.12.

02

T T 93 94
z N\, z z
2 2 / 2
0 0 0
_z _z y _z
2N 2 2
-7 l,’]l - 01 - 01
U2 xz g zZ ey _T -z
-7 -5 0 5 T /4 > 0 2 T T 0 > n
05 . 6
4,=0.5000 a,,~407/180
Tﬂ A\ 7” / a,,~0.3449 0,=-357/180
2,=0.7310 a,=707/180
0 0 2,=0.3287 0,=1557/180
oz = 4,=1.2310 a,~1107/180
2 N 2 / 4,=0.6763 a,=1207/180
R=0(i=1,2, ..., 6)
-7 9, -x 0, i
-2 0 = . -z -Z 0o F =

Fig. 3.4.11 The kinematic paths of the Type V mixed double-Goldberg 6R linkage.
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02 93 94
T T T
x N\ 2 z \,
2 2 / 2
0 0 0
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2N\ 2 2 \
- 01 - 01 -7 01
n T o T T o _Z l
-x -Z 0 57 n -2 0 5 o7 . o F 7
p 6s z O
3,=0.5000 0,,~407/180
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i Z o Z 11'01 - Zz 0 Z 1!'01 ( :
T3 2 ) 2

Fig. 3.4.12 The kinematic paths of the Type VI mixed double-Goldberg 6R linkage.

From the geometry conditions, Type V linkage is in fact a variant of Waldron’s hybrid 6R
linkage comprising of one Bennett linkage with links a/a and b/, and another Bennett
linkage with links ¢/y and d /& . And from the geometry conditions shown above, it is
obvious that the Type VI is related to the L-shape Goldberg 6R linkage (Goldberg, 1943)

where link 23 is in negative length (Chen and You, 2005; 2008b). Therefore, we can view the

Type VI as a variant of the L-shape Goldberg 6R linkage.

3.5 SUMMARY

A new family of mixed double-Goldberg 6R linkages is built from the combination of a
subtractive Goldberg 5R linkage and a Goldberg 5R linkage through either a common link-
pair or a common Bennett-linkage. The six resultant linkages are summarized in Table 3.5.1.

All of them have single mobility. Physical model of the Type V linkage is shown in Fig. 3.5.1.
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Table 3.5.1 The linkage identifications of the mixed double-Goldberg linkage family.

Type Linkage ldentification

I Variant of the Wohlhart’s double-Goldberg 6R linkage

I Variant of the Baker’s first variant of Goldberg 6R linkage

I The Goldberg 5R linkage (equivalent)

v Variant of the Baker’s second variant of Goldberg 6R linkage
\/ Variant of the Waldron’s hybrid 6R linkage
Vi Variant of the L-shape Goldberg 6R linkage

(@) (b) (©

Fig. 3.5.1 The motion segments of Type V linkage model.

All the linkages in the family of mixed double-Goldberg 6R linkages are built from four

basic links a/a, b/, cly and d/& . After comparing the geometry conditions of each
linkage type, an extra link c/ y is identified which plays a different role when comparing to
the other three links a/«a, b/ and d /& . In the Types V and VI linkages, link ¢/ y is one
of the six individual links in the linkage; while in Types I, Il, 11 and IV linkages, link c/y is
not directly existed in the linkage but hidden in links suchas a+c/a+y orb—-c/f—y.In

order to identify this extra link, we can shrink the geometry conditions of the link to zeros.

When link c/y is shrunk to none, all the linkages above will preserve a similar configuration
as before. Take Type I linkage in Eq. (3.4.3) for example, when c/ y is shrunk to none, links

12 and 45 will be link a/« at the same time. In this case, Type | linkage could be identified
as a Mavroidis & Roth’s 6R linkage with zero offsets instead of a variant of Wohlhart’s

double-Goldberg 6R linkage. Similar observations could be made in other linkage types.
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Here, two different types of 5R linkages are used to build a family of mixed double-
Goldberg 6R linkages. As shown in Table 3.5.1, all linkages derived above belong to the
Bennett-based overconstrained linkage family. Through the use of common Bennett-linkage
and common link-pair between different 5R linkages, the relationship among a number of
Bennett-based overconstrained linkages has been revealed. Alternatively, we can change our
construction elements into two Goldberg 5R linkages or two subtractive Goldberg 5R
linkages. All possible linkages constructed from two 5R linkages through either common

link-pair or common Bennett-linkage are listed in Table 3.5.2 and Table 3.5.3.

Table 3.5.2 The linkages in the double-Goldberg linkage family.

Wohlhart’s Double- Mixed Double- Double-Subtractive-
Double-Goldberg . . .
linkaae famil Goldberg linkage Goldberg linkage Goldberg linkage
g y family (WDG) family (MDG) family (DSG)
1 Goldberg 5R
. 2 Goldberg 5R linkage 2 subtractive-
Construct unit linkages and Goldberg 5R linkages
g 1 subtractive- g g
Goldberg 5R linkage
alo_e cly
Link-pair for e Link-pairs 51-12 and 12-51 1 4
pat e Link-pairs 34-45and 45-34 | g/ b/p
connection . .
e Link-pairs 45-51 and 51-45
2 atcla+y 3

e Common link-pair method (CLP)

Construct method .
e Common Bennett-linkage method (CBL)

Resultant linkage

case The original cases The variational cases | The subtractive cases

e Type I: the Wohlhart’s double-Goldberg 6R linkage
e Type Il: the Baker’s second variant of Goldberg 6R linkage
Resultant linkage e Type IlI: the (subtractive) Goldberg 5R linkage
type e Type IV: the Baker’s first variant of Goldberg 6R linkage
e Type V: the Waldron’s hybrid 6R linkage
e Type VI: the L-shape Goldberg 6R linkage
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Table 3.5.3 The complete families of the double-Goldberg 6R linkages.

Type

Wohlhart’s Double-
Goldberg linkage family
(WDG)

Mixed Double-Goldberg
linkage family
(MDG)

Double-Subtractive-
Goldberg linkage family
(DSG)

Three cases of the Wohlhart’s double-Goldberg 6R linkages

a-c/la—y

a+c/aty

atc/aty

Three cases of the

Baker’s second variant of Go

Idberg 6R linkages

a+d/a+d,

a-c/la-y

ate/aty

d-al6—c

bp

a-clo—y

Three cases

of the (subtractive) Goldberg
6

5R linkages

2 b-cIf-y 3 ctd/y+é 4

b/

bte/pty

b-clf—y

Three cases of the Baker’s first variant of Goldberg 6R linkages

b+c/Bry

c+d/y+d

Three cases of the Waldron’s hybrid 6R linkages

ale a+d/a+8

cly

Vi

-
a+d/a+d

b+c/Bry

cly
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Chapter 4

The General Line-symmetric Bricard Linkage

4.1 OVERVIEW

Although the closure equations of the original general line-symmetric Bricard linkage have
been provided by Baker (1980) in implicit form, it requires further study into its kinematics
for a better understanding about the linkage. The numerical work by Mavroidis and Roth
(1995) reported a revised general line-symmetric Bricard linkage with negatively equaled
offsets on the opposite joints, whose revolute variables are also negatively equaled. In this
chapter, we study the kinematics of the general line-symmetric Bricard linkage and explore
the relationship between the original and revised general line-symmetric Bricard linkages.
Results in this chapter motivate the design of multiple operation forms for the general line-

symmetric Bricard linkage in chapter 5.

The layout of this chapter is as follows. Derivations of the explicit closure equations of
the original and revised general line-symmetric Bricard linkages are included in sections 4.2
and 4.3. Discussions about the relationship between the original and revised linkages,
relationship between the general line-symmetric Bricard linkage and octahedral Bricard
linkage and the bifurcation behavior of the line-symmetric Bricard without zero offsets are

included in section 4.4. Final remarks are drawn in section 4.5, which concludes the chapter.
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4.2 THE EXPLICIT CLOSURE EQUATIONS OF THE ORIGINAL GENERAL
LINE-SYMMETRIC BRICARD LINKAGE
The geometry conditions of the original general line-symmetric Bricard linkage are
Q, =85, Ay =8y, 8y = 8y,
Oy =0, Opy =g, gy = Uy, (4.2.1)
R =R,, R,=R,, R,=R,.

Due to the line-symmetric geometry, the revolute variables of the original general line-
symmetric Bricard linkage are positively equaled on the opposite joints 6, =6,, 6, =6, and
0, =0, (Baker, 1980). The simplified geometry conditions of the original general line-
symmetric Bricard linkage are

Biia) = Bisa)iva) , iot) = Fioayios)s Ri = Ry (1=1,2,8). (4.2.2)
Note that to ensure this is a closed-loop 6R mechanism, the subscripts must be the remainder

of 6 in positive numbers. The closure condition is
Tl T =1, (4.2.3)
which could be generalized into the following form.
I ! -1 -1
T Tisayio) Ti)iva) = Tiaspi Virayios) Tiva)ies) - (4.2.4)
In the transformation matrix in Eq. (2.1.1), the angular parameters, including twist and
revolute variable, are stored in both rotational matrix Ro,, and translational vector Tr, .

The length parameters, including link length and offset, are stored only in the translational

vector Tr,,. Therefore, we may firstly use the rotational matrix Ro,, only to derive the

relationship among the angular parameters, and then introduce the length parameters using

the translational vector Tr,, to derive the explicit closure equations. Here, entry (1, 1) in Eq.

(4.2.4) is extracted and reformed as follows.
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cosé,,, —cosé,,,cosh,,,cosb,,,)
cosé,, —siné

i+3 i+4 i+5

(cos 6, cos 6,

i+1

—(sin@sing,, sin6,,, cos 6,5 )cos ;)

—(cos@;sin@,,sing,,, —cos b, ;sin G, Sin 6,5 )OS &(,1y.) (4.2.5)

i+1

+(sin 6, sin 6, —sin 6, SN 6,5 )i @) SIN A1)

i+3

—(sin @, cos 6,

i+1

siné_, —siné._,cosd,,,siné,

i+4 i+5

)cos (1,1 COS &(1,11.2) = 0.

Eq. (4.2.5) always holds no matter what the values of twist angles are. Thus, one non-trivial

solution is when the items in every bracket of Eq. (4.2.5) are zeros, i.e.

cosé, cosé,,, cosé, ., —cosé,,cosb.,,cosb,. =0, (4.2.6a)
sing, sing,,, cosd,,, —siné, ,sinb,,, cosb,,. =0, (4.2.6b)
cosé,siné,, sing,,, —cosé ,sinb,,,sinb,, =0, (4.2.6¢)

siné siné,,, —sind,,sind,. =0, (4.2.6d)
sing, cosé,, sind,,, —siné, ,cosb,,,sinb,. =0, (4.2.6e)

Substituting Eqg. (4.2.6d) into Eq. (4.2.6e) gives
cosd,,, =cosd,,,. (4.2.7)
From Eqg. (4.2.6d), we have

sing,_ siné .

sing,, sind,,’ (4.2.8)
By substituting i =1, 2, 3 into Egs. (4.2.7) and (4.2.8), we have
cos 6, = cosd;,Ccos O, = cosb;,cosd, =cosb,, (4.2.9)
and
sing, sing; sing; (4.2.10)

sing, sin@, sing,’
Considering the domain of definition that 6. €[-z,7) and Egs. (4.2.6a)-(4.2.6c), the

following relationships can be concluded as the solutions to Egs. (4.2.9) and (4.2.10).
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positive relationship, €, =6, ; (4.2.11a)

and negative relationship, 6, =—-6,;. (4.2.11b)

In the above process, entry (1, 1) of Eq. (4.2.4) is selected for the derivation of the
relationships shown in Eq. (4.2.11). Alternatively, we can also use entries (2, 2) and (3, 3) in
Eq. (4.2.4) to derive the same relationships in Eq. (4.2.11). Note that these entries are all
located in the rotational matrix, which contains only the rotational information during
coordinate transformation of the links and joints. Then, one can consider link length and
offset located in the translational vector to derive the closure equations in explicit forms.
Among the simplified expressions of the translational vectors shown in Eq. (4.2.12), it is

clear that entry (3, 4) consists of the least unknown variables.

T(l, 4) (ei' 9|+l’ 0|+2' 9|+4’ 9|+5) 0 (42123.)
T(2,4) (HI’ 0|+1’ 0|+2’ H|+4’ 9|+5) 0 (4212b)
T(S, 4) (9|+l’ 0|+2’ 0|+4’ 0|+5) 0 (4212C)

By substituting the relationship in Eqg. (4.2.11) into Eq. (4.2.12c), for different subscript
numbers, we have that

e when i=1, the relationship between 6, and 6, can be derived;

e when i=2, the relationship between ¢, and &, can be derived;

e when i =3, the relationship between &, and 6, can be derived.
To derive the closure equations, &, is taken as the input. Then, only the relationship between
6, and 6,, will be obtained in the following process. Together with Eq. (4.2.11), the

complete set of closure equations for the original general line-symmetric Bricard linkage will

be obtained in explicit forms.
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4.2.1 Positive Relationship: 6 =6,
Firstly, we consider the case of positive relationship in Eq. (4.2.11a) that 6, =6, ,, where the

revolute variables follow the property of line-symmetry. When i=3, substituting Eq.

(4.2.114a) into Eq. (4.2.12c) gives

(a,Sina,, +ay, sina,, COsa,; )sin 6,

—(R,sinay, sina,, + Ry sina,, COS ar,, Sin ar,,, )OS 6,
+(ay, Sin a,, + a,, COS a5, SiN 1, )iN 6,

—(Rysina,, Sina,, + R, sina, Sin a,, C0S az,,, )OS 6,
+Rysina,;sina,, siné, sin 6,

+(ay, COS ey, SIN @y + 8y, SiN @ty )SiN G, COS B, (4.2.13)
+(a,, Cos a, Sin a, + sy, Sin a,; )COS B, Sin 6,

— R, cosa,, Sin @,;Sin &, C0s 6, cos b,

+R,(cosa,, COs @y, + COS a1y, )+ R, (COS at, + COS 1, COS 1)
+ R,(1+ Ccos e, COS @, COS 3, ) = 0.

The above equation can be simplified as

A,sing, + B, cosé, +C,sind, + D, cosé,

. . : : 4.2.14
+E,sing;sin@, + F,sing, cosb, + G, cosé, sind, + H, cosd, cosb, + L, =0, ( )

in which

A, = +(ay, Sinay, COsa,, +a, sinas, )

B, = (R, Sinay, Cosa,, sina,, + R, sina,, sina,,)
C, = +(a, sinay, cosas, +a,sina,;)

D, = —(R,sinay, Sina,, COS s, + R, sinay, SiN )
E, =+R;sina,,sing,,

F, =+(a,, cosa,, sina,, +a,Sina,, ) (4.2.15)
G, = +(a,, CoSa, Sina,, +ay, Sina,, )

H, =—R;cosa,, Sina,,Sina,,

L, =+R,(cosa,, CoSa,, + COSary, )+ R, (COS r,; +COSr,, COS 1y )

+ R, (1+Ccosa, COS@,, COS ALy, ).

After tangent half-angle substitution of sin g, and cosé,, Eq. (4.2.14) can be rewritten into
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[(A,sind, +B,cosd, +L,)-(D, + F,sind, + H, cosé, )|tan? %

+2(C, +E,sing, +G, cosel)tan% (4.2.16)
+[(A,sin 8, + B, cosé, +L,)+(D, + F,siné, + H, cosé, )| =0.
Again, Eqg. (4.2.16) can be simplified as
Aterm, - tan® % + Bterm, - tan % +Cterm, =0, (4.2.17)

in which 4, is represented in

Aterm, = (A, sin@, + B, cosé, + L,)—(D, + F,sin @, + H, cosé,)
Bterm, = 2(C, + E, sin 6, + G, cos ), ) (4.2.18)
Cterm, = (A,sin 6, + B, cosé, + L,)+(D, + F,sin g, + H, cosé,).

Solutions to Eq. (4.2.17) are

— Bterm, +,/Bterm? — 4 Aterm, - Cterm
o o _ ~ Bterm; & y/Bterm; — 4 Aterm, -Cterm, | (4.2.19)
2 2Aterm,

in which all symbols are defined in Egs. (4.2.15) and (4.2.18). The explicit relationship

between &, and 6, is therefore obtained. Similarly, by analyzing the case when i =2, the

relationship between 6, and 6, can be derived as

6, —Bterm, \/ Bterm? — 4 Aterm, - Cterm,

tan— , (4.2.20)
2 2 Aterm,
where
Aterm, = (A,sin 6, + B, cos 6, + L,)— (D, + F,sin 6, + H, cosé,)
Bterm, = 2(C, + E, sin 4, + G, cos 6,) (4.2.21)
Cterm, = (A, sin 8, + B, cos @, + L, )+ (D, + F,sin 6, + H, cos 4, ).
and

74



Chapter 4 The General Line-symmetric Bricard Linkage

3
C3
D3
E3
l:3
G,
H 3
L3

= +(ay, COS @y, SIN @y, + g, SiN 1y,

= —(R, sina,, COs a,, Sin az,, + R, sinar,, Sin )

= +(a,, cos a,, Sin ay, + a,, Sin a,,)

= —(R, cos a, SiN a,, SiN @y, + R, SiN aty SiN 1)

=+R, sina,, sina,,

= +(ay, SiN @, COS ALy + 8y, SiN 1)

= +(ay, sin a,, COS @y, + @y, SiN ;)

—R, sina,, Sin a,, COS &,

= +R,(coS @, + COS @1, COS @ty ) + R, (1 + COS 2y, COS 5, COS 2, )
+R,(cos a,; + COS ar;, COS 2y, ).

(4.2.22)

Because not all entries in the transformation matrix are used in the derivation process, the

above results only demonstrate the necessary conditions for the closure relationship among

the revolute variables. To ensure the closure, Egs. (4.2.11a), (4.2.19) and (4.2.20) have been

substituted back into the transformation matrix to check whether Eq. (4.2.3) is held for the

geometry conditions. In such a way, two sets of closure equations are concluded to achieve

different linkage closures as follows.

and

0 - 2tan-i| ~BEM: + |/Bterm? — 4Aterm, - Cterm,
2 2 Aterm,
2
0. —2tant = Bterm, — \/Bterm3 — 4 Aterm, - Cterm, ' (4.2.23)
: 2 Aterm,

SIS
[
S o D
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0, =2tan| — Bterm, —\/Btermzz — 4 Aterm, - Cterm,
- 2Aterm,

0 - 2tan{_ Bterm, + \/Bterm32 — 4 Aterm, - Cterm, J . (4.2.24)
= 2.

2Aterm,

SRS
[
2 .o

Results in Egs. (4.2.23) and (4.2.24) indicate that there are two distinct forms of the
original general line-symmetric Bricard linkage, both with the property of line-symmetry,
named as Form | linkage and Form Il linkage, respectively. Their kinematic paths are plotted
in Fig. 4.2.1 and Fig. 4.2.2. Their spatial configurations are illustrated in Fig. 4.2.3 and Fig.
4.2.4, in which the lines of symmetry are identified as the central lines in front views and

dash cycles in top views. The geometry conditions of the original general line-symmetric

Bricard linkage are set as follows.

a, =a,; = 2.4000, a,, = a,, =2.9000, a,, =a, =1.5000; (4.2.25a)
a, = o, =407/180, a,; = o, =807 /180, a5, = ¢, =1307/180; (4.2.25b)
R, =R, =0.5000, R, = R, =0.5500, R, = Ry = 0.4200. (4.2.25c¢)
- 0: 05 < . 0; ¢ . A
I \\ Z z
2 2 2
0 0 0
A U3 3
7 \ 7 7
L —
L _Z o 5 . T o IS . _E o IS

Fig. 4.2.1 The kinematic paths of the original Form I general line-symmetric Bricard linkage.
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0205 . 05 G5 z 0,
‘\
z | = z
2 \ 2 2
0 0 [t A 0
_r \ -z _r
2 \ 2 2
-T 01 -7T 91 - 0.
-z X oz 7 Z X oz
T ) 0 > V.4 0

Front view:

Top view:

Fig. 4.2.3 The spatial configuration of the original Form | general line-symmetric Bricard
linkage when 6, =60.00007 /180

Front view:

Top view:

Fig. 4.2.4 The spatial configuration of the original Form 11 general line-symmetric Bricard
linkage when 6" = 60.00007 /180 .
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The singularity behaviors of these two linkage forms are examined with the Singular
Value Decomposition method (Gan and Pellegrino, 2006; Pellegrino, 1993), which is
reviewed in the Appendix A. It is found that these two kinematic paths are solely existed
without any bifurcation points. As shown in Fig. 4.2.5, these two linkage forms are

independent with no common configurations under the same geometry conditions.

/ SV1 ’\ /
6 7.5
wn wn
Q Q
3 \ 3 \
S AN
54 / /'\S% g5 N\ L L/
E / N——— B
céo \_/ .%" ,
A —/ & | sV
2 /A\ S'V/? /—\\ 2.5 A\ SV3 /‘
0 SV5 o —SV3
o 0 SVé6 n - o 0 SV6l -
—7 2 2 7 2 2
6, 0,
(@) (b)

Fig. 4.2.5 The SVD results of the original general line-symmetric Bricard linkages: (a) Form
I linkage; (b) Form Il linkage.

4.2.2 Negative Relationship: 6, =-6,,,

For the case of negative relationship, the revolute variables do not follow the line-symmetry
property. We can follow the same procedure as the positive relationship to derive the closure
equations. However, when substituting the results into the transformation matrix, the closure
condition in Eqg. (4.2.3) is not held. Thus, no linkage closure could be achieved with

6,=-6.,, , which means that the negative relationship of 6 =-6,, is just a trivial

relationship for the original general line-symmetric Bricard linkage.
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4.3 THE EXPLICIT CLOSURE EQUATIONS OF THE REVISED GENERAL LINE-
SYMMETRIC BRICARD LINKAGE

Besides the original case, a numerical search of new and revised overconstrained linkages
was conducted in (Mavroidis and Roth, 1995), where a revised closure of the general line-
symmetric Bricard linkage was found with negatively equaled offsets on the opposite joints

as below.

/ !

8y, = 8ys, By = agg, 8y = g,
Ay = Qs , Olpy = Olig , Olgy = Qg (4.3.1)

R =-R;, R, =-R:, R; =—Rq.
The simplified geometry conditions of the revised general line-symmetric Bricard linkage are
i) = Aiafien) Hiio) = Ao, R =Ry (1=1,2,3). (4.32)
On the geometry conditions, the only difference between the original and revised linkages is
the offsets. Similar as the process in section 4.2, where entry (1, 1) is in the rotational matrix,

Eq. (4.2.5) applies for both the original and revised linkages. Therefore, Eq. (4.2.11) can be

obtained for the revised general line-symmetric Bricard linkage as well.

4.3.1 Positive Relationship: 6/ =6/,

For the case of positive relationship, the revolute variables follow the line-symmetry property.
We can follow the same procedure as section 4.2.1 to derive the closure equations. However,
when substituting the results back into the transformation matrix, the closure condition in Eq.

(4.2.3) is not held. Thus, no linkage closure could be achieved with 8/ =6, ,, which means

i+31

the positive relationship of 0/ = 6!

i+3

is just a trivial relationship for the revised general line-

symmetric Bricard linkage.
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4.3.2 Negative Relationship: 6/ =-6,,

For the case of negative relationship, the same procedure could be carried out to derive the
explicit closure equations. As a result, the following two sets of closure equations are
concluded to produce two different linkage closures, which are called the Form 1" and Form

I1" of the revised general line-symmetric Bricard linkages.

o =2tan-| = Bterm; + \/ Bterm)’ — 4 Aterm, - Cterm,
. 2 Aterm;
o = 2tan71 - Bterm; — \/Bterméz _ 4Atermé . Ctermé (4 3 3)
. 2 Aterm;
6, =-6/
0. =0,
O, =—0,
and
0 —2tan| = Bterm;, — \/ Bterm,’ — 4 Aterm, - Cterm,
. 2Aterm;
0! _ Ztan{[ - Bterm; + \/Bterméz _ 4Atermé . Ctermé (4 3 4)
. 2Aterm;
6, =-6/
0. =0,
O, =0,
where

Aterm, = (A;sin @, + Bjcosé, + L, )— (D} + F/sin &, + H} cos ;)
Bterm, = 2(C} + E}sin &, + G} cos#)) (4.3.5)
Cterm; = (A;siné, + B cosd, + L)+ (D} + F)sin g, + H} cos @),
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A = +(aé4 sin ], COSa,; —ay, Sin 0‘§4)

B, = +(R}sin o], cos a}, Sin e, + R} sina), sinal,)
C, = —(aj, sina, cosal, —al, sinaj,)

D} = +(R} sin e, sin &}, cos e, — R} sin o], sin ar}, )
E, =-R;sinaj,sinay,

F, = +(a;4 COS @}, SIN a5 — @5, SIN aé4)

G, = —(a;3 cosay, Sin a;, —ay, Sin 0523)

(4.3.6)

H, =+R; cosa;, Sin a,; Sin a,,
L, = +R/(cosa, cos a}, — cos a}, )+ R} (cos e, — cOS ), COS )

+R}(1—cosa), cosal, cos e, ),
and

Aterm; = (A;sin &, + B} cos &, + L} )— (D} + F/sin 6, + H/ cos 8))
Bterm; = 2(C} + E;sin 6, + G} cos ) (4.3.7)
Cterm;, = (A} sin 8] + B} cos ] + L)+ (D} + F;sin 8] + H} cos 8,),

A, = —(a], cosa, sinal, —al, sinal,)
+(Ry sin &, cosarj, sin ey, + R} sinal, sinal,)

B;

C; = —(aj; cosay, sin ey, —ay, sinay,)

D; = +(R; COS &y, SN a4, SIN a3, + R/ SN 254 SIN 053'4)

E; =+R,sina;, sina,,

F; = ~(a}; sin e, cos ey, —agsina, ) Y
G} = —(al, sina, cosay, —aj, sin )

H; =+R;sina, sin a,, cos a;,,

L; = +R!(cos &}, — cosar}, cos aly, )+ R} (1— cos ], cos arl, cOs atly, )
+ R}(cos ary, —cos ], cos azly ).

The following geometry conditions are used to plot the kinematic paths in Fig. 4.3.1 and
Fig. 4.3.2 using Egs. (4.3.3) and (4.3.4), respectively. The spatial configurations of these two
linkage closures are plotted in Fig. 4.3.3 and Fig. 4.3.4, respectively. Note that the twists on
links 34 and 61 in Eq. (4.2.25) differ from the twists on links 3'4" and 6’1" in Eq. (4.3.9) by

7. And the offsets are negatively equaled in Eq. (4.3.9¢).
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a, =a, =240, a5, =a,, =2.90,a;, =ag, =1.50;
o), =a, =407 /180, ay); = als =807 /180, a3, = g, =-507/180;

R/ =—R; =0.50, R, =—R! =055, R} = —R} = 0.42 .
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Fig. 4.3.2 The kinematic paths of the revised Form II" general line-symmetric Bricard
linkage.
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Front view:

Top view:

Fig. 4.3.3 The spatial configuration of the revised Form I’ general line-symmetric Bricard
linkage when 6," = 60.00007 /180

Front view:

Top view:

Fig. 4.3.4 The spatial configuration of the revised Form II" general line-symmetric Bricard
linkage when 6," = 60.00007 /180 ..
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4.4 DISCUSSIONS

4.4.1 Relationship between the Original and Revised General Line-symmetric Bricard
Linkages

By comparing the explicit closure equations of the original general line-symmetric Bricard
linkage in Egs. (4.2.23) and (4.2.24) with the revised general line-symmetric Bricard

linkage’s in Egs. (4.3.3) and (4.3.4), it can be found that when
A, =8, =8, =8y, yy =8y = 8eg = gy, gy = gy = 8g; = 8y,
Oy =0y =0lys =Olys, Qlyg = Oloy = Olgg = Qg , Olgy =0g, TT =0 =gy T 7T, (4.4.1)
R, =R =R,=-R;, R, =R, =R, =-R{, R, =R; =R; =R,
we will have
6,=6,0,=6,0,=0,0,=-0,0,=-6., 6, =-0;, (4.4.2)
for both linkage forms, which has been confirmed by the kinematic paths in Fig. 4.2.1, Fig.
4.2.2, Fig. 4.3.1 and Fig. 4.3.2. Even though the geometry conditions and revolute variables
in the revised general line-symmetric Bricard linkage are not line-symmetric, the spatial
configurations of the resultant linkages in Fig. 4.3.3 and Fig. 4.3.4 are still in a line-
symmetric manner. In fact, with the geometric parameters in Eqgs. (4.2.25) and (4.3.9) which
satisfies Eq. (4.4.1), the spatial configurations of the revised Forms I’ and II" linkages in Fig.

4.3.3 and Fig. 4.3.4 are the same as the original Forms I and Il linkages’ in Fig. 4.2.3 and Fig.

4.2.4.

Take the Form | of the original and revised general line-symmetric Bricard linkages for
example, the joints 4, 5, 6 in Fig. 4.4.1(a) and (b) are in opposite directions due to
Ay =0y tr=ay=ay . As a result, 8, =-6,, 6, =-6., 6, =—0;. The same analysis

could be carried out for the relationship between the Form Il original and revised linkages.
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The original and revised linkages are actually equivalent to each other with different setups

on joint axis directions.

()

Fig. 4.4.1 The illustrations of the general line-symmetric Bricard linkage: (a) the original
Form I linkage; (b) the revised Form 1" linkage.

4.4.2 Relationship with the General Line-symmetric Octahedral Bricard Linkage

For the general line-symmetric octahedral Bricard linkage as a special case of the general

line-symmetric Bricard linkage, we can substitute a;;,;) =0 (i=12,..,6)into the two sets

of closure equations of the general line-symmetric Bricard linkage to give the closure
equations of the line-symmetric octahedral Bricard linkage. As shown in Fig. 4.4.2, it is
found that the closure equations of each linkage form can only produce half of the kinematic
paths in the line-symmetric octahedral Bricard linkage, which can be joined together to form
a full-cycle movement at points P, and P, . When the revolute variables are in negative
relationship, no closure can be achieved for the line-symmetric octahedral Bricard linkage.

The results in Fig. 4.4.2 comply with previous results in (Chai and Chen, 2010; Lee, 1996).
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02

P,

N
AN

ST

6,

Fig. 4.4.2 The kinematic paths of the line-symmetric octahedral Bricard linkage, where the
geometry conditions are the same as Eq. (4.2.25) with a;,,)=0. The black solid line is from

the closure equations of the Form I linkage; the grey solid line is from those of the Form 11
linkage.

4.4.3 Special Case of the Line-symmetric Bricard Linkage with Zero Offsets
One case of special interests is the linkage with all zero offsets in Egs. (4.2.2) and (4.3.2),
whose closure equations can be obtained by substituting R. =0 (i =1, 2, ..., 6) into the closure
equations derived above. The geometry conditions of the resultant linkages become

Qi141) = isa)iva), i) = Xisa)ina), R =0(1=12,...,6). (4.4.3)
In this case, the original and revised general line-symmetric Bricard linkages have the same
geometry conditions as Eq. (4.4.3). The kinematic paths of the Forms I and Il of the original
and revised line-symmetric Bricard linkages are plotted in Fig. 4.4.3~Fig. 4.4.6, where the

parameters are the same as Eq. (4.2.25) with R, =0. From the conclusion in section 4.4.1, the

revised linkages in Fig. 4.4.5 and Fig. 4.4.6 are equivalent to another original linkage with

Q=g =—507/180.
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Fig. 4.4.3 The kinematic paths of the original Form I line-symmetric Bricard linkage with
zero offset.
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Fig. 4.4.4 The kinematic paths of the original Form Il line-symmetric Bricard linkage with
zero offset.
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Fig. 4.4.5 The kinematic paths of the revised Form ' line-symmetric Bricard linkage with
zero offset.
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Fig. 4.4.6 The kinematic paths of the revised Form 1l line-symmetric Bricard linkage with

zero offset.
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Fig. 4.4.7 The transformation among the four forms of the line-symmetric Bricard 6R linkage
with zero offsets. The black and grey solid lines are the original Forms | and Il line-
symmetric Bricard linkages; while the black and grey dash lines are the revised Forms I and

Il line-symmetric Bricard linkages.

From the above kinematic paths, certain common configurations of the linkage are found

which enable bifurcations between the original and revised linkage forms. As shown in Fig.

4.4.7, bifurcation points B,, B, B,, and B, , are identified on the kinematic paths of these
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four linkage forms. The relationship between 6, and 6, is used in Fig. 4.4.7 to demonstrate

the transformation among different linkage forms.

As shown in Fig. 4.4.7, when the original Form 1 linkage in black solid line moves to
6, =0 at B,, it can bifurcate into the kinematic paths of revised Form 1" linkage in black
dash line. Then, when the revised Form 1" linkage in black dash line moves to 6, =z at B,,,
it can bifurcate into the kinematic paths of original Form Il linkage in grey solid lines. When
the original Form Il linkage in grey solid lines moves to 6, =0 at B, it can bifurcate into
the kinematic paths of revised Form Il linkage in grey dash lines. Finally, when the revised

Form II' linkage in grey dash lines moves to 6, =—x at B,,, it can bifurcate back to the

kinematic paths of original Form | linkage in black solid lines. As a result, a full map of
bifurcation among these four linkage forms with the identical geometry conditions is obtained.
Such bifurcation behavior in the line-symmetric Bricard linkage without offsets makes it a

good source of design for reconfigurable mechanisms.

4.5 SUMMARY

In this chapter, the kinematics of the general line-symmetric Bricard linkage is investigated
through the algebraic derivation of its explicit closure equations. It is found that there are two
independent linkage forms of the original general line-symmetric Bricard linkage, which are
called the Form I linkage and Form Il linkage under the same geometry conditions. A revised
general line-symmetric Bricard linkage is also investigated with negatively equaled offsets on
the opposite joints. Further analysis shows that the original and revised linkages are
equivalent with different setups on the joint axis directions. The closure equations of the

general line-symmetric Bricard linkage could also be used to analyze the line-symmetric
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octahedral Bricard linkage, whose link lengths are zeros. The result for the line-symmetric
octahedral Bricard linkage comply with the result in (Chai and Chen, 2010; Lee, 1996),
which verifies that the line-symmetric octahedral Bricard linkage is a special case of the
general line-symmetric Bricard linkage. Investigations are made to the line-symmetric
Bricard linkage with zero offsets. Since there are no offsets, the geometry conditions of the
original and revised linkages become identical. When substituted with the same geometry
conditions, these four linkage forms, two forms from the original linkage closure and two
forms from the revised linkage closure, could transform into each other through bifurcation
points. Such bifurcation behavior makes this linkage a good source of design for
reconfigurable mechanism. In fact, this property explains the multiple forms and bifurcation
behaviors of the Wohlhart’s double-Goldberg 6R linkage and the double-subtractive-
Goldberg 6R linkages (Song and Chen, 2011; Wohlhart, 1991a), which can be isomerized
into a line-symmetric Bricard linkage with zero offsets (Wohlhart, 1991b). The results found
here provide an in-depth understanding to the kinematics of the general line-symmetric
Bricard linkage, which will be used in chapter 5 for the design of general line-symmetric

Bricard linkage with multiple operation forms.
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Reconfigurable Mechanism Design

5.1 OVERVIEW

This chapter explores the possibilities and methodologies to design reconfigurable
mechanisms based on overconstrained linkages. The layout of this chapter is as follows.
Section 5.2 focuses on the design of double-Goldberg linkages with multiple operation forms
using analytical method. Section 5.3 focuses on the design of general line-symmetric Bricard
linkage with multiple operation forms using construct method. Section 5.4 presents a network

of Bennett linkages with reconfiguration potentials using generic method.

5.2 MULTIPLE OPERATION FORMS OF THE DOUBLE-GOLDBERG LINKAGES

5.2.1 Two Cases of Double-Goldberg 6R Linkages
In the Goldberg 5R linkage and the subtractive Goldberg 5R linkage shown in Fig. 5.2.1, the

link-pair a/a ~c/y in grey color are referred to as the roof-links, which is opposite to the
composite links a+c/a+y or a—c/a—y . The Bennett ratios of links a/a, b/ g and c/y
are equal.

ala cly

b/p bip

atclaty I}
a-c/a—

(a) (b)
Fig. 5.2.1 Two types of 5R linkages: (a) the Goldberg 5R linkage, (b) the subtractive
Goldberg 5R linkage.
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A closed loop overconstrained 6R linkage can be obtained when merging two 5R linkages on

the common roof-links. The geometry conditions of this 6R linkage are
a, =d, =a=*C, a23:a61:d’ A3 = 85 =b,

A =Q =01y, Ap=0H =0, Uy =0y =f3,

sina _sing _siny sind (5.2.1)

a b c d

in which, ‘+’ is for Wohlhart’s double-Goldberg 6R linkage (Wohlhart, 1991a) and ‘-’ is for
the double-subtractive-Goldberg 6R linkage. Recent study found that both linkages have two
different constructive forms, namely Forms | and Il linkages (Song and Chen, 2011), see Fig.

5.2.2 and Fig. 5.2.3.

5 atclat+y

atcla+y 4

(@) (b)

Fig. 5.2.2 The constructive forms of the Wohlhart’s double Goldberg 6R linkage: (a) Form |
linkage; (b) Form Il linkage.

(@) (b)

Fig. 5.2.3 The constructive forms of the double-subtractive-Goldberg 6R linkage: (a)
Form I linkage; (b) Form 11 linkage.
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The closure equations of the Forms I and Il Wohlhart’s double-Goldberg 6R linkage are

0, =2tan™* LY 0, =m+2tan™t Ms |y 2tan’l(PWDG),
91 91
tan—+ tan—=
(5.2.2)
1 af My
0, =2tan (m6PWDG), 0, = 2tan ( ] O, =—0;,
WDG
where m, (i =1, 3, 4, 6) were defined in Eq. (3.4.1) and are reproduced as below.
sin’B;a sin5+a sinM sinﬂzy
m, = ——, My = =, m, =, Mg = (5.2.3)
sin P sin 0 sin? 7 sin P-r
2 2
For Form | linkage,
(q2 —1)tan02l
gq=4msm,, QWDG :—9,
q’ +tan®
2
52.4
(1—mm,)+ \/(1— mm, J’ —4mm,QZ ¢ —r<6,<2tanq (5.24)
2m,Quoe -2tan'q<f <x
oo = (L—m;mg ) — /@ m,m; ) - 4m,m, Q3 ’
W!Tg 1!Tg 1Ms'<wpc (—Ztan‘lqs01<2tan‘1q)
2mﬁQWDG
and for Form 1l linkage,
1-mm 1-mm, f —4m,m,Q2
( il 6)"’\/(2 5 6) 1 GQWDG (—2tan‘1q301<2tan‘1q)
m
Pwos = 2=ID8 (5.2.5)

(1—mm,)- \/(1— m,m, )’ —4mm,Q2pe —r<6,<2tan™q
2m,Quoe —2tantq<f <x

And the closure equations for Forms | and 11 double-subtractive-Goldberg 6R linkage are

)

6, =2tan" L& 0, = m+2tan™(Pogs ) - 2tan1(m4 tan %) , (5.2.6)
m, tan—
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L m (P
942—21:8.” 1( : ); 95:_2tan l[ﬁj, 96:_93.

DSG mG
For Form | linkage,
6,
m, +m, tan® X

QDSG = )

(m, - m3)tan921

(5.2.7)

1
E[(me - ml)QDSG + \/(me - ml)ZQLZJSG - 4mlm6} (_ < 91 < 0)
DSG — 1
E[(ms - ml)QDSG - \/(ms - m1)2 Qése - 4m1m6:| (0 <6 < 77)

and for Form II linkage,

1
b E[(me - ml)QDSG + \/(me - m1)2 QSSG —4m;m, :| (0 <6 < 72')
DSG — 1 .
E[(ms - ml)QDSG - \/(me - ml)ZQSSG —4mmq } (_ w6 < O)

(5.2.8)

Through bifurcation analysis (Song and Chen, 2011), two non-constructive forms are
detected in both linkages using the Singular Value Decomposition method (Gan and
Pellegrino, 2006; Pellegrino, 1993), namely the Forms 11l and 1V linkages. All four linkage

forms can bifurcate into each other through bifurcation points.

5.2.2 Investigations on the Multiple Operation Forms

Our objective is to achieve a 4R operation form for both double-Goldberg linkages. Generally,
there are three types of 4R linkages, the planar 4R linkage, the spherical 4R linkage and the
Bennett linkage. Considering the construction process and geometry conditions in both
double-Goldberg linkages, it is only possible to achieve the reconfiguration between the
double-Goldberg linkages and Bennett linkage. Due to the symmetry property of the Bennett
linkage, only joints 3 and 6 on the double-Goldberg 6R linkage can be selected for possible

4R linkages with joints 1, 2, 4 and 5. From Egs. (5.2.2) and (5.2.6), since 6, =—6; for both
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linkages, joints 3 and 6 will be inactive only when dé,/d6, =d6,/d6, =0. Here, the double-

subtractive-Goldberg 6R linkage is taken as an example for derivation. Following a similar

procedure, we can also derive the same result from the closure equations in Wohlhart’s

double-Goldberg 6R linkage. From Eq. (5.2.6), we setup the condition that

_ _ 6,
a6, d{n+2tan l(PDSG)—Ztan 1(m4 tanzlﬂ

- =0,
de, de,

The general solution to Eq. (5.2.9) should meet the following condition that
4 4 6, :
tan (PDSG)— tan™| m, tanE +C =0 (C isaconstant).
Rearranging Eq. (5.2.10) to derive the tangent on both sides of the equation that

0
m, tan—* —tan C
2

Poss = P2 )
1
1+m, tan?tanC
which can be simplified as
m, tan o _ Poss
tanC = 2

PoseM, tan Zl +1

(5.2.9)

(5.2.10)

(5.2.11)

(5.2.12)

When substituting Eq. (5.2.7) into Eq. (5.2.12), the square root of the variables in the Eq.

(5.2.12) makes it too complex to solve for the general solution of C. However, since C

could be any random constant value that works for all solutions to Eq. (5.2.10), we may

consider the case when Eq. (5.2.12) is free of &, to meet this condition. One of the simplest

solutions is when tanC =0, so that
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t 2! P
m4 an?_ DSG

6, 1 (5.2.13)
=m, tan ?l o E [(mz o ml)QDSG * \/(mz - ml)ZQése o 4m1m2 :|
— 01
which can be simplified as
o,
mj [(mz - ml)_(m4 —Mm, )]tan2 ?1"' [m3m4 (mz - ml)_ m,m, (m4 —M, )]: 0. (5-2-14)
As @, is a free input in Eq. (5.2.14), the following relationship must hold.
{mj[(mz _ml)_(mA _ms)]:0 (5.2.15)
m3m4(m2 - ml)_ m,m, (m4 - ms): 0.
Solutions to Eq. (5.2.15) are
m, =m
{ P (5.2.16)
m, =m,
and
m, =—m
{ ’ 2. (5.2.17)
m, =-m,

When substituting Eq. (5.2.3) into Eq. (5.2.16), the following relationship will be obtained.

sin oty sin'B+7
2 _ 2
sin 5;}/ sinﬁgy
: 5.2.18
. 0+a . f+a ( )
sin sin
2 _ 2
. 0-—a . P-a
sin sin
2 2
Solution to Eq. (5.2.18) gives that
S=p" (5.2.19)
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When the condition in Eq. (5.2.19) is satisfied, consider the geometry condition that links

b/ g and d/o share the same Bennett ratio of sin f/b=sins/d, we shall have that links

b/p and d/& become identical to each other. Therefore, the two subtractive-Goldberg 5R

linkages forming the double-subtractive-Goldberg 6R linkage also become identical. In this

case, for the Form Il linkage in Fig. 5.2.3(b), links 56 and 61 (and links 23 and 34) will be

identical to each other. As a result, no loop closure could be formed in the Form Il linkage,

which makes the Eq. (5.2.16) a trivial solution to Eq. (5.2.15).

When substituting Eq. (5.2.3) into Eq. (5.2.17), the following relationship can be obtained.

on the

sin5+7/ sinﬁ+a
__ 2
sin 7 sinﬂ_a
2
sin5+a sin'B+7
_ T2
sin —— sinu
2
2c055_7
Take Eq. (5.2.20a) for example, multiplying 5
2C0S /4
ZCOSﬂ_a
2 onthe right hand side gives
p—a
2C0s
2
Zsin5+7cosé_7/ ZsinﬁJr cosﬂ_a
2 _ 2 2
25in5_7/cos5_y 25inﬂ_ cos'B_a
2 2 2

which can be written into
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sin(6+y) _ sin(8+a)
sin6—-cosy sinf-cosa’

or

singcosy +cososiny  sin Bcosa + cos Bsina
sing —cosy sin f —cosa

Using the half-angle tangent formulas on Eq. (5.2.23) gives

Y B

@ +tan?  tan?itan®
2 2 2 2

@ _tan?  tan”? _tan®
2 2 2 2

which can be simplified into

Y B

tan%tan? =tan B tan &
2 2 )

(5.2.22)

(5.2.23)

(5.2.24)

(5.2.25)

By using the same method as above, we can also derive Eq. (5.2.25) from the Eq.

(5.2.20b). Following the above steps, the relationship in Eq. (5.2.25) can be derived from the

closure equations of the Wohlhart’s double-Goldberg 6R linkage in Eq. (5.2.2). Eq. (5.2.25)

is a special relationship additional to the geometry conditions of these two types of double-

Goldberg 6R linkages, which is equivalent to

an+tan? tanB +tan?
2 2 _ 2 2
+ + '
tana_y tanﬁ_5
2
ie.,

+
tangitanZ tanu
2 _ 2

R
tanﬁitané tan'B_5
2 2 2

Expanding the left and right hand sides of Eq. (5.2.27) gives
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+ +
sin%cos%ircos%sinZ cosgcosg sina;y cos'Bgé
. = . . (5.2.28)
+ +
cosgcosZ sinﬁcoséircosﬁsiné cosa_y sinﬂ_5
2 2 2 2 2 2 2
or
+
cos'gcosg cos'Bgé
= . (5.2.29)
cosgcosZ cosaiy
2 2
From Eq. (5.2.29), we come to the relationship that
cos ¥ 7 cos%
= , (5.2.30)
cos'B+5 cos'B_(s
2 2
+
Zsina_y
Multiplying — 2 onhboth sides of Eq. (5.2.30) gives
. pto
2sin
sin(a sin(f+ 06
laxy) _ sin(p£95) (5.2.31)

sing+siny sinf+sing’
Note that these double-Goldberg 6R linkages are constructed by four basic links a/a, b/ S ,

c/y and d /o with the same Bennett ratios that,

sina_sinf8 _siny sing

5.2.32
a b c d ( )
By substituting Eq. (5.2.32) into Eq. (5.2.31), we come to the result that
in(a + in(8 +
Sln(a_}/):SIn(,B_5). (5.2.33)

axc b+d
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(@) (b)

Fig. 5.2.4 The constructive forms of the double-subtractive-Goldberg 6R linkage with
multiple operation forms: (a) Form I linkage (constructive 6R form); (b) Form Il linkage
(Bennett 4R form)

When introducing Eqg. (5.2.25) into the double-subtractive-Goldberg 6R linkage, as shown
in Fig. 5.2.4(a), the Form I linkage is still a constructive 6R linkage with six movable links

and joints. However, in the Form 11 linkage in Fig. 5.2.4(b), the revolute variables on joints 3

and 6 are constrained to be 6, = -6, = 7 and the link-pairs 23-34 and 56-61 become collinear

in a negatively collinear manner. Consider Eq. (5.2.33) with *-’ sign, the closed-loop enclosed
by joints 1, 2, 4 and 5 can be viewed as a Bennett 4R linkage constructed by link-pair

a-c/la—y~b—-d/p—-¢5. Therefore, the operation form of a constructive 6R linkage is

degenerated into a Bennett 4R linkage. In the following modeling, the geometry conditions

for the four basic links are as follows.

a=1.0000, « =125.00007 /180 ;
b =1.5072, f =60.00007 /180 ;
c=0.2993, y =14.19277/180;
d =0.8632, & = 45.00007 /180

(5.2.34)
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Fig. 5.2.5 The bifurcation behavior of the double-subtractive-Goldberg 6R linkage with
multiple operation forms. (a)-(c) are the motion sequences of the Form I linkage; (d) is the
bifurcation configuration between Forms | and 111 linkages; (e)-(g) are the motion sequences
of Form I11 linkage; (h) is the bifurcation configuration between Forms I11 and Il linkages;
(i)-(k) are the motion sequences of the Form 11 linkage; (l) is the bifurcation configuration
between Forms Il and IV linkages; (m)-(0) are the motion sequences of Form IV linkage;
and (p) is the bifurcation configuration between Forms I and 1V linkages.

By using the SVD method, we can detect the non-constructive Forms I11 and 1V linkages,
which are still 6R linkages, and plot the transitions of the double-subtractive-Goldberg 6R
linkage with multiple operation forms in Fig. 5.2.5. The relationship between 6, and 6, is
used to demonstrate the bifurcation paths. Different linkage forms can transform into each
other through bifurcation points B, . Note that at the bifurcation points, all six links
become collinear to each other at configurations (d), (h), (I) and (p) in Fig. 5.2.5. It is proved

in the Appendix B that between 6, and &, we shall have
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tan%.tane_zs _1or 6,46, =+x, (5.2.35)

which makes the curve of the Form | linkage straight lines in Fig. 5.2.5. It is unavoidable to

have part of the kinematic paths present as a straight line.

When introducing Eq. (5.2.25) to the Wohlhart’s double-Goldberg 6R linkage, in the Form
I linkage in Fig. 5.2.6(a), the revolute variables on joints 3 and 6 become 6, =, =0. From
Eq. (5.2.33) with “+’ sign, the loop enclosed by joints 1, 2, 4 and 5 can be viewed as a
Bennett 4R linkage constructed by link-pair a+c/a+y~b+d/f+46. The Form Il linkage is

still a constructive 6R linkage as shown in Fig. 5.2.6(b).

~—

==

~
——
-~

=—=37
cly 7
b/B
a+cla+y 4
(@) (b)

Fig. 5.2.6 The constructive forms of the Wohlhart’s double-Goldberg 6R linkage with
multiple operation forms: (a) Form I linkage (Bennett 4R form); (b) Form Il linkage
(constructive 6R form)
By using SVD method, we can detect the non-constructive Forms Ill and IV linkages,

which are still 6R linkages, and plot the transitions of the Wohlhart’s double-Goldberg 6R

linkage with multiple operation forms in Fig. 5.2.7. Different linkage forms can transform
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into each other through bifurcation points B, - At the bifurcation points, all six links also

become collinear to each other at configurations (d), (h), (I) and (p) in Fig. 5.2.7. Note that in

this case, it can be derived that 8, + 6, =0 for the Form II linkage, and therefore the curves of

the Form Il linkage will appear as a straight line in Fig. 5.2.7.

. AN ®) 6
6 ; 2 1%
- 3
Bu ”~ \
o

4
N 3

B (0) 6o —
4
(m)
6
6
66=6ﬁ=e=o

Fig. 5.2.7 The transitions of the Wohlhart’s double-Goldberg 6R linkage with multiple
operation forms. (a)-(c) are the motion sequences of the Form | linkage; (d) is the bifurcation
configuration between Forms I and 111 linkages; (€)-(g) are the motion sequences of Form 111
linkage; (h) is the bifurcation configuration between Forms 11l and Il linkages; (i)-(k) are the
motion sequences of the Form Il linkage; (1) is the bifurcation configuration between Forms

Il and 1V linkages; (m)-(0) are the motion sequences of Form IV linkage; and (p) is the

bifurcation configuration between Forms | and 1V linkages.

5.2.3 Summary
In both of the Wohlhart’s double-Goldberg 6R linkage and the double-subtractive-Goldberg

6R linkage, there are four operation forms, which include two constructive 6R linkage forms
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and two non-constructive 6R linkage forms. In Eq. (5.2.36), a special geometric relationship

that tan%tan% = tangtang is introduced to the general double-Goldberg 6R linkage.

&, =85 =a+C, 8y =8, =0d, 8, =25 =b

Ay =0 =aty, Ap=053=0, &y =05=0,

sina_sinf8 _siny sing
a b c d

/4 B

an? tan? =tan? tan 2
2 2 )

R=0(=12..6).

(5.2.36)

As a result, one constructive 6R linkage form of the double-Goldberg 6R linkages is

degenerated into a Bennett linkage. The resultant double-Goldberg 6R linkages have multiple

operation forms among a constructive 6R linkage form, two non-constructive 6R linkage

forms and a Bennett 4R linkage form. Different linkage forms can transform into each other

through bifurcation points.
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5.3 MULTIPLE OPERATION FORMS OF THE LINE-SYMMETRIC BRICARD

LINKAGE

5.3.1 The Spatial Triangle

A spatial triangle is enclosed by three spatial lines and their common perpendiculars. Its
kinematics was firstly investigated using dual quaternion method (Yang, 1963). Fig. 5.3.1
illustrates a spatial triangle with revolute joints connecting the adjacent links. Later, its
geometry properties were revisited by Mavroidis and Roth (1997) using transformation
matrix. Recently, the importance of the spatial triangle was discussed in (Huang, 2003;

Huang and Chen, 1995; Zarrouk and Shoham, 2011).

Fig. 5.3.1 The spatial configuration of the spatial triangle.

The geometry conditions of the spatial triangle could be determined using the

transformation matrix that

T TeTy =1, (5.3.1)
By solving Eqg. (5.3.1), the geometry conditions of any one of the three links could be
determined by the other two links (Mavroidis and Roth, 1997). For example, when the

geometry conditions on links 12 and 23 are known, then the geometric parameters related to

link 31 could be determined by the following equations.

sin a,, Sin 6,

tan 6, = —— .
' sinay, COSa,, +COSay, SiN a,, C0s 6, ’

(5.3.2)
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sina,, sin 6.
tan g, = —— 12 Z ,
Sin ar,, COS 1, + COS 5 SiN 7, COS B,

sin &, Sin 6.

tan o, = — 12 2

sin g, cos @, + cosa,, Sin @, cosé, '

a,, = a,,(cos a,, sin 6, sin @, — cos d, cos b, ) —a,, cosf, — R, sina,, sin 6,

R _ % (cos ay, sin 6, sin @, — cos §, cos B, ) — a,, — a,, Cos b,
' sin oz, sin 6,

R a,,(CoS ar,, SiN 6, sin 0, — c0s B, cos b, ) — a,, — a,, C0S b,
: sin a,, sin 6, '

5.3.2 The Bennett Linkages with Two Different Setups
As discussed in section 2.2, there are two setups of Bennett linkage: one in asymmetric setup
with positively equaled Bennett ratios, and the other in line-symmetric setup with negatively

equaled Bennett ratios, as reproduced in Fig. 5.3.2.

Asymmetric
Bennett
Linkage

Line-symmetric
Bennett
Linkage

(a) (b)

Fig. 5.3.2 The Bennett linkage in different setups: (a) in asymmetric setup; (b) in line-
symmetric serup

The geometry conditions of the Bennett linkage in asymmetric setup are set as follows.

ap, =8y =0, a, =0y =0, 83 =8, =C, A=y =7, (5.3.3)
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Sina,,  SiNay,
a12 a23

R =0(i=123and4).

Therefore, its closure equations are

ﬂn7+5

ﬁny_a

6,+60,=0,0,+6,=0, tan%tan&: (5.3.4)

Then, the geometry conditions of the corresponding Bennett linkage in line-symmetric setup

will be as follows.

A, =8 =0, a;, =0y =0,8y3=38, =C, ag=0,=y*r,

. . (5.3.5)
sin sin _
%o _ % R _0(i=123and 4).
a12 a23
And its closure equations are
P g ©0S y+o
0,=6,, 0,=0,, tan*tan—2=—=5—, (5.3.6)
2 cos? =2

5.3.3 Reconfigurable Line-symmetric Bricard Linkages

In what follows, we are going to use the Bennett linkage with different setups as an
intermediate bridge to connect two identical spatial triangles to form different assemblies.
After removing the links in the center, the rest part exhibits as a general line-symmetric
Bricard linkage. Since the joint axes shall be kept along the same directions during
construction, both setups of the Bennett linkage can be used for construction. In Fig. 5.3.3,
we firstly use a Bennett linkage 1"3"4"6" in asymmetric setup as the intermediate bridge to
connect two identical spatial triangles 1'2'3" and 4'5'6’. Note that the geometry conditions on

link 13" (4"6" ) shall be the same as link 1'3' (4'6") except that its offset is zero. The
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intermediate Bennett linkage is then merged with these two spatial triangles on the links in

grey color.

Asymmetnc
Bennett
Linkage

Fig. 5.3.4 The resultant configuration of the first reconfigurable line-symmetric Bricard
linkage.

As shown in Fig. 5.3.4, after removing the common links and joints marked in dash lines, the
rest part will form a single-loop overconstrained 6R linkage, which is the first reconfigurable
line-symmetric Bricard linkage. Note that after construction, the offset on link 31" is

transferred to new link 34, and this is the same for links 4’6’ and 61.

For spatial triangle 1'2'3', the geometry conditions on links 1'2" and 2'3" are

a, =4, aj, =a, ay =b, az =B, (5.3.7)
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and the revolute variable @, on joint 2" is a fixed design parameter. Then, the geometry

conditions related to link 3'1" could be determined by Eq. (5.3.2). Here, the representations

are simplified as follows.

ay=d,ay =0, Ri=n,Ry =, (5.3.8)
where
sin #sin @,
tan g = —— Z 2 —
sina cos f+cosasin fcosé,
sinasing,
tan@; = - _ —~ -
cosasin S +sina cos S coso,
sinasing,
tand = — 2

sin g, cos g, +cosa cosé, sin &, (5.3.9)

d = b(cos & sin 8, sin &, — cos §; cos & )—acosé, —r, sinasin 4,

. a(cosdsin @] sin @} —cos @, cos#;)—b —d cos b,
! singsin g,

. d(cos Bsin @} sin @; — cos; cos b} )—a—bcosb,
: singsin g} '

The geometry conditions of spatial triangle 4'5'6" is identical to spatial triangle 1'2'3", where
Bl =al,=a al=ap=a R, =R =16, =6,
g =ayu=b,a,=a,=F,R.=R,=1,,0,=6,, (5.3.10)
ag, =ay =0, a0, =a; =0,R; =R, =1,,6, =0;.
During the construction, link 3'1" in the spatial triangle shares the same link length and twist
with link 3"1" in the Bennett linkage in asymmetric setup, except that link 3"1" has zero
offset. Therefore, we can use link 3"1" to design the geometry of link 3"4" to form a Bennett
linkage in asymmetric setup, whose geometry conditions and closure equations are the same

as Egs. (5.3.3) and (5.3.4). According to the above setups, we can write the geometry

conditions of the first reconfigurable line-symmetric Bricard linkage as follows.
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a, =35 =a, a,=a,=0a, R =R, =1,
Ay =g =0, 0y =, =, R, =R, =1,, (5.3.11)

Ay =85 =C, Ay =0y =7, Ry=R; =1,.

Joint 4

Joint 2
~ Intermediate
Bennett
N Linkage
Spatial Triangle N
Joint 1

Fig. 5.3.5 The compatibility condition of joint 3 in the first reconfigurable line-symmetric
Bricard linkage.

From the relationship between ; in the spatial triangle, &; in the intermediate Bennett
linkage and &, in the first reconfigurable line-symmetric Bricard linkage, we may derive the
compatibility condition for joint 3 that,

0,=6,+6!+7x. (5.3.12)
The detailed relationship between 6., 6" and 6 could be given following the process in Fig.

5.3.5. Therefore, we can derive the compatibility conditions for the first reconfigurable line-

symmetric Bricard linkage in Eq. (5.3.13), from which we can summarize that 6, =6, ,
0, =6, and 6, = 6. Even though the geometry conditions of the first reconfigurable line-

symmetric Bricard linkage are line-symmetric in Eq. (5.3.11), the resultant linkage is still an
asymmetric linkage during movement in Eq. (5.3.13). This is caused by the asymmetric

Bennett linkage used as the intermediate bridge during the construction.
0,=60/+6-x,0,=0,, 0, =60,+6;+r,

(5.3.13)
0,=0,+0,-n=0-0-7,0,=0;=0,, O, =0,+0 —n=0,-0; 1.
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Line-symmetric
Bennett
Linkage

Fig. 5.3.6 The construct of the second reconfigurable line-symmetric Bricard linkage.

As illustrated in Fig. 5.3.6, a different linkage can be achieved by replacing the
intermediate bridge in the first reconfigurable line-symmetric Bricard linkage with a Bennett
linkage in line-symmetric setup, whose geometry conditions and closure equations are the
same as Eqgs. (5.3.5) and (5.3.6). In Fig. 5.3.7, after removing the common links and joints
marked in dash lines, the rest part will form the second reconfigurable line-symmetric Bricard
linkage. The offset on link 31" is transferred to new link 34, and this is the same for links
4’6" and 61. The geometry conditions of the second reconfigurable line-symmetric Bricard

linkage could be summarized as follows.
A, =35 =a a, =a;=a, R =R, =r,
Ay =85 =0, a,=0a5=0 R, =R, =1, (5.3.14)

Ay =85 =C, Ay = =y 7, Ry=R; =1,.
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Fig. 5.3.7 The resultant configuration of the second reconfigurable line-symmetric Bricard
linkage.
Similarly, we can derive the compatibility conditions for the second reconfigurable line-

symmetric Bricard linkage as follows,

0,=0+0-x,0,=0, 0,=0,+0+x,
(5.3.15)
0,=0,+0-7=0+0'—7, 0,=0,=0, 0,=0,+0+1=0,+0+7.

From the above equation, we can summarize that €, =6,, 6, =6, and 6, =6, for the

resultant linkage. Since the linkage is line-symmetric in both geometry conditions and
revolute variables, the second reconfigurable line-symmetric Bricard linkage is indeed a line-
symmetric linkage. This is caused by the line-symmetric Bennett linkage used as the

intermediate bridge during construction.

5.3.4 Bifurcation Analysis of the Reconfigurable Line-symmetric Bricard Linkages

Possible reconfiguration potentials of the resultant linkages could be analyzed by
investigating their bifurcation behaviors. Since the twist angles on links 34 and 61 are
different in the first and second reconfigurable line-symmetric Bricard linkages when

comparing Egs. (5.3.11) and (5.3.14), it is important to treat these two linkages as different
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linkages. For the first reconfigurable line-symmetric Bricard linkage, we can plot its
kinematic paths in Fig. 5.3.8 and its singular value variations in Fig. 5.3.9 using the Singular
Value Decomposition method. Further examination shows that the kinematic paths in Fig.
5.3.8 comply with the result in Eq. (5.3.13), and therefore the resultant linkage is confirmed

to be  asymmetricc 6,, are constrained to a fixed wvalue of

sinosin @,
—tan‘l[ osinb,

- - - | during the full cycle movement, which corresponds to
sin #cos o +cos Bsin o cos b,

the configuration on joints 2" and 5’ in the spatial triangle.
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Fig. 5.3.8 The kinematic paths of the first reconfigurable Bricard linkage.
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Fig. 5.3.9 The SVD results of the first reconfigurable Bricard linkage.
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From the SVD results in Fig. 5.3.9, the fifth singular value falls to near zero at B, and
B, . It is worth investigating possible bifurcation behaviors near these points. At point B, , it

is found that the first reconfigurable line-symmetric Bricard linkage could bifurcate into an
operation form with six active joints of revolute in Fig. 5.3.10. The central line in the front
view is the line of symmetry of the linkage, which is represented as the dashed dot in the top

view.

Front view: I

gs 4 I : 6%

Top view:

Fig. 5.3.10 The configuration of the Form | of the first reconfigurable line-symmetric Bricard
linkage when 6, =—70.00007 /180, which is a 6R linkage.

By using the SVD method, we can plot the linkage’s kinematic paths in Fig. 5.3.11 and
the singular value variations in Fig. 5.3.12. It is found that this linkage form is in
correspondence to the closure equations of the Form | general line-symmetric Bricard linkage
derived in Eq. (4.2.23). To differentiate different linkages, we name the linkage in Fig. 5.3.4
as the Bennett form of the first reconfigurable Bricard linkage; and the linkage in Fig. 5.3.10

as the Form 1 of the first reconfigurable line-symmetric Bricard linkage. In Fig. 5.3.12, the

fifth singular value falls to zero at B,, which is in accordance with the SVD results in Fig.
5.3.9. The location of B, can be determined analytically by substituting the fixed revolute

parameter on joint 2 in Bennett form into the closure equations of the Form | general line-

114



Chapter 5 Reconfigurable Mechanism Design

symmetric Bricard linkage in Eqg. (4.2.23) as follows, where Aterm,, Bterm, and Cterm, are

functions of &,. The solution to Eq. (5.3.16) is derived in the Appendix C.

~tant sin &'sin 6, 3
sin /3¢cos o + €os £sin o cos 6,

5 (5.3.16)
| —Bterm, + \/Btermz — 4 Aterm, - Cterm,
2tan
2Aterm,
po 01 94 p 92 05 P 03 05

\\ // a,,=a,;=1.4467
7” 21 ™\ 7” _r a,,=a;,=0.8000
( a,~a,,=0.6527
0 0 0 a=0,=1.5669
. - - \ a=as=-2.8798

- - S - N
2 2 2 AN =0t =-0.6981
N\ o R=R,=0.6537
r x x & W ' X &z m & & x| RoR0485S
3 18 12 9 136 36 18 12 9 136 36 18 12 9 36 R=R=0.3000

Fig. 5.3.11 The kinematic paths of Form I of the first reconfigurable line-symmetric Bricard

linkage.
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Fig. 5.3.12 The SVD results of Form | of the first reconfigurable line-symmetric Bricard
linkage.

On the other hand, the Bennett form of the first reconfigurable line-symmetric Bricard
linkage could bifurcate into another operation form with six active joints of revolute at B,, in
Fig. 5.3.13. By using the SVD method, we can plot its kinematic paths in Fig. 5.3.14 and its

singular value variations in Fig. 5.3.15. It is found that this linkage form is in correspondence
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to the closure equations of the Form Il general line-symmetric Bricard linkage in Eq. (4.2.24).
Therefore, the resultant linkage is called the Form 11 of first reconfigurable line-symmetric

Bricard linkage. In Fig. 5.3.15, the fifth singular value falls to zero at B, which is in
accordance with the SVD results in Fig. 5.3.9. The location of B,, can be determined in the

same way as B, by solving Eq. (5.3.17), whose solution is derived in the Appendix C.

—tan sino'sin 4, 3
sin fcos S +cos Ssin J cos o,

2 Aterm,

3 (5.3.17)
) tanl[_ Bterm, — \/ Bterm; — 4 Aterm, - Cterm, ]

Front view:

Top view:

Fig. 5.3.13 The configuration of Form 11 of the first reconfigurable line-symmetric Bricard
linkage when 6, =—-70.0000~ /180, which is a 6R linkage.
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Fig. 5.3.14 The kinematic paths of Form 11 of the first reconfigurable line-symmetric Bricard
linkage.
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Fig. 5.3.15 The SVD results of Form |1 of the first reconfigurable line-symmetric Bricard
linkage.

Fig. 5.3.16 The transformations of the first reconfigurable line-symmetric Bricard assembly
with multiple operation forms. (a)-(c) are the motion sequences of the Form | linkage; (d) is
the bifurcation configuration between Form I linkage and the Bennett form linkage; (e)-(g)
are the motion sequences of the Bennett form linkage; (h) is the bifurcation configuration
between the Bennett form linkage and the Form Il linkage; (i)-(k) are the motion sequences
of the Form Il linkage. The Forms | and 11 linkages have 6 active joints of revolute while the
the Bennett form linkage only have 4 active joints of revolute, which makes the Bennett form
linkage function like a Bennett linkage.
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Therefore, we can plot the full map of bifurcation for the first reconfigurable line-
symmetric Bricard linkage in Fig. 5.3.16. The Bennett form linkage can bifurcation into the
Form | or Form Il linkages on different bifurcation points, but the Forms I and Il linkages
cannot bifurcation into each other directly. As a result, we successfully introduced the
operation form of a Bennett linkage with only 4 active joints of revolute to bridge the two
forms of the general line-symmetric Bricard linkage. The reconfiguration potential of the first
reconfigurable line-symmetric Bricard linkage is enabled by the Bennett linkage in
asymmetric setup used to connect the two identical spatial triangles. This asymmetric
property is different from the original line-symmetric property, which triggers the

reconfiguration.

For the second reconfigurable line-symmetric Bricard linkage, a Bennett linkage in line-
symmetric setup is used for the connection between the two identical spatial triangles. We
can plot the singular value variations in Fig. 5.3.17 and its kinematic paths in Fig. 5.3.18
using SVD method. As shown in Fig. 5.3.17, no bifurcation points can be found in the second
reconfigurable line-symmetric Bricard linkage, which is different from the first

reconfigurable line-symmetric Bricard linkage.
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Fig. 5.3.17 The SVD results of the second reconfigurable line-symmetric Bricard linkage.
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Fig. 5.3.18 The kinematic paths of the second reconfigurable line-symmetric Bricard linkage.

The kinematic paths of the second reconfigurable line-symmetric Bricard linkage in Fig.
5.3.18 comply with the relationship in Eq. (5.3.15). Therefore, the resultant linkage is indeed

a line-symmetric linkage. On the kinematic paths, @, are constrained to a fixed value of

—tan‘l( singsin 6,

- : ~ | during the full cycle movement, which is the same as
sin #cos o +cos Bsin 6 cos b,

the Bennett form of the first reconfigurable line-symmetric Bricard linkage. Further
investigation shows that the kinematic paths in Fig. 5.3.18 are in correspondence with the
closure equations of the Form Il general line-symmetric Bricard linkage in Eq. (4.2.24).
Therefore, the Bennett form of the second reconfigurable line-symmetric Bricard linkage is
actually the Form 11 of the general line-symmetric Bricard linkage. Such result is caused by
the Bennett linkage with line-symmetric setup used in the second reconfigurable line-
symmetric Bricard linkage. After construction, the symmetry property of the resultant linkage
is exactly the same as the original line-symmetric Bricard linkage. As a result, the second
reconfigurable line-symmetric Bricard linkage essentially shares the same kinematic

properties and bifurcation behaviors as the original general line-symmetric Bricard linkage.

5.3.5 Summary
In section 5.3, the feasibility to design a reconfigurable linkage is demonstrated by

constructing basic elements, i.e. spatial triangles and Bennett linkages, in different symmetric
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manners. From the above investigations, we successfully introduced the operation form of a
Bennett linkage into the general line-symmetric Bricard linkage using construct method. By
using spatial triangles and Bennett linkages with different symmetry setups as the building
blocks, two reconfigurable line-symmetric Bricard linkages are formed which can be

identified as general line-symmetric Bricard linkages from their geometry conditions.

A summary of the two reconfigurable line-symmetric Bricard linkages could be listed in
Table 5.3.1. The first reconfigurable line-symmetric Bricard linkage is achieved by firstly
connecting two identical spatial triangles with a Bennett linkage in asymmetric setup, and
then removing the redundant links inside to form a closed-loop overconstrained 6R linkage.
The use of a Bennett linkage in asymmetric setup disrupts the line-symmetric relationship
among the kinematic variables in the resultant linkage. As a result, the first reconfigurable
line-symmetric Bricard linkage forms a new asymmetric linkage form with only four active
joints of revolute. In the first reconfigurable line-symmetric Bricard linkage, the
reconfiguration between 4R and 6R linkage is achieved through bifurcation points. The
second reconfigurable line-symmetric Bricard linkage can be obtained by replacing the
Bennett linkage in asymmetric setup in the first reconfigurable line-symmetric Bricard
linkage with a Bennett linkage in line-symmetric setup. Since the symmetry property among
the kinematic variables is preserved during the construction, the resultant linkage is still the
same as the general line-symmetric Bricard linkage. The construct method used makes the 6R
linkage form of the general line-symmetric Bricard linkage reaching its limiting position and
behaving like a 4R linkage. The second reconfigurable line-symmetric Bricard linkage shares
the same kinematic properties with the general line-symmetric Bricard linkage and it is not

reconfigurable between the two resultant linkage forms.

120



Chapter 5 Reconfigurable Mechanism Design

Table 5.3.1 Summary of the two reconfigurable line-symmetric Bricard linkages.

Reconfigurable
Line-symmetric
Bricard Linkages

The first reconfigurable line-
symmetric Bricard linkage

The second reconfigurable
line-symmetric Bricard linkage

Construct Units

Spatial Triangle
+
Bennett linkage in asymmetric
setup
+
Spatial Triangle

Spatial Triangle
+
Bennett linkage in line-
symmetric setup
+
Spatial Triangle

Resultant linkage
forms

Form I linkage in 6R
Form |1 linkage in 6R
Bennett linkage form in 4R

Form I linkage in 6R
Form 11 linkage in 4R

Reconfiguration
Potential

Reconfigurable through
bifurcation points

Not reconfigurable as the
resultant linkages forms are
still independent and distinct
to each other

Fig. 5.3.19 The illustration of a general line-symmetric Bricard linkage with reconfiguration
potentials.

In order to design a general line-symmetric Bricard linkage with reconfiguration
capability, we need to make sure that the resultant linkage can be disassembled into two
identical spatial triangles and an asymmetric Bennett linkage. Take the illustration in Fig.
5.3.19 for example, the known parameters on links 12 and 23 are a,,, a;,, a5, @3, R, and
the fixed kink angle 6,. By using these parameters, we could form a spatial triangle 123 with

a new virtual link 13. Using the closure equations of the spatial triangle in Eq. (5.3.2), we can

121



Chapter 5 Reconfigurable Mechanism Design

determine the geometry condition on the virtual link 13 (a,; and «,,), the offsets on links 12
and 34 (R, and R;), the kink angle between links 23 and 31 on joint 3 (#;) and the kink

angle between links 31 and 12 on joint 1 (4, ). When the Bennett ratio of link 13 is negatively

equal to the Bennett ratio of link 34, an asymmetric Bennett linkage could be formed by these
two links. In this case, the resultant linkage is equivalent to the first reconfigurable line-
symmetric Bricard linkage and therefore it can be reconfigured between 4R and 6R linkages
through bifurcation points. The geometry conditions for the resultant linkage with

reconfiguration capability are
&y = Qysy Ay = Qs By = 8s, Ay = Ug, gy = g1y Agy = Ay

sinar,,  Sina,, Sin @, sin 6] — cos a,, sin a;, Cos &, — cos a,, COS b, Sin a,, COS B

a,, a,,(Ccos a, sin B sin 8, — cos B cos B, ) — a,, cos B — R, sin ez, sin 6}

a,,(Cosa, sin ] sin @} — cos @, cos B, )—a,, —a,, Cosb, (5.3.18)

R =R, = - —
Sin o, Sin o,

R _R R.-R _ay,(cos a,, sin 6, sin 6 — cos 9, cos ;) - a,, — a,, oS b,
27 8 sin a,, sin &, '

where 6, and R, are design parameters for the kink angles and offsets on joints 2 and 5

when the linkage is in 4R form and

sina.,, sin @
tan 6 = —— 23 Z ,
Sin @, COS &,; + COS &y, SiN 2, COS 6,
(5.3.19)
sin a,, sin 6.
tan g, = — 12 2

Sin o, COS &1, + COS &5 SiN @1y, COS B,

On the other hand, when the Bennett ratio of link 13 is positively equal to the Bennett ratio of
link 34, a line-symmetric Bennett linkage will be formed. In this case, the resultant linkage is
equivalent to the second reconfigurable line-symmetric Bricard linkage, which cannot

bifurcate at all.
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5.4 RECONFIGURABLE BENNETT NETWORK

5.4.1 The Method of Link-pair Replacement

As shown in Fig. 5.4.1(a), random links 1'2" and 2"3" are placed in space in such a manner
that they share a common revolute axis on joints 2’ and 2". Once the normal distance
between joints 2" and 2" is fixed to e and the revolution from link 1'2" to link 2"3" is fixed
to ¢, the relative position between joints 1' and 3" can be determined by the link-pair

1'2' ~ 2'3" in Fig. 5.4.1(b).

(@) (b)

Fig. 5.4.1 The spatial setup of link-pair replacement: (a) two links in space share a common
revolute axis on joints 2" and 2"; (b) a link-pair that determines joints 1" and 3" in space.

//x,
Joint 3 x, 0

Fig. 5.4.2 The link-pair replacement of link-pair 23 ~ 31 (grey) replaced by link 12 (black).

Since the relative position between joints 1" and 3" is already fixed by link-pair 1'2" ~ 2’3",
we may introduce a new link to replace this link-pair to represent the relative position

between joints 1' and 3", which is called the link-pair replacement method. The loop
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enclosed by the existing link-pair and the new link forms a spatial triangle. In Fig. 5.4.2, link-
pair 1'2" ~2'3" in Fig. 5.4.1 is equivalent to link-pair 12 ~ 23 in Fig. 5.4.2. As a result, the
relative position between joints 1 and 3 was originally represented by link-pair 12 ~ 23, and

is now represented by link 31. The known parameters on link-pair 12 ~ 23 are a,,, «;,, R,,
0,, a,; and a,,. The parameters to be determined are related to link 31, including a,,, a,,,
R,, R;, 6, and @,, which can be solved from the transformation matrix of the spatial triangle

in Eq. (5.3.2).

5.4.2 Reconfigurable Bennett Network

By using the link-pair replacement method, the spatial configuration of a fixed link-pair could
be replaced by a new link to simplify the representations. We could use this link-pair
replacement to reconfigure the spatial configuration of a given linkage, especially for
linkages in the Bennett-based linkage family. Shown in Fig. 5.4.3 is a network of four
Bennett linkages A, B, C and D, which are made of links a/a, b/, c/y and d /& with the
same Bennett ratios. Such spatial network of four Bennett linkages was firstly discussed by
Goldberg (1946) when he was investigating the Kempe’s planar mechanism in three-
dimensional space. Later, Baker (1983) re-examined the same network, but the discussion
was still limited to the Kempe’s planar mechanism. In this network of four Bennett linkages,
each pair of adjacent Bennett linkages share a common link as the connection, i.e., linkages A

and B share a common link c/y, linkages B and C share a common link b/ 3, linkages C

and D share a common link d /& and linkages D and A share a common link a/« .
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c/y
4
Fig. 5.4.3 The network of four Bennett linkages A, B, C and D.

The mobility of this network can be determined by inspecting linkages A, B and C with
their connections shown in Fig. 5.4.4(a). The mobility of each Bennett linkage is determined
by only one revolute variable, and the revolute variables of each Bennett linkage are
independent to each other. Therefore, the kinematic property of this network with only
linkages A, B and C is determined by three independent revolute variables, i.e. this network
has three degrees of freedom. On the other hand, since all the links in this network share the
same Bennett ratios, we can isomerize the link-pair a/a ~ d /6 with a new link-pair to form
a Bennett linkage D in Fig. 5.4.4(b), and the mobility of the resultant network will not be
affected (Wohlhart, 1991b), which makes the resultant network the same as in Fig. 5.4.3.

Therefore, the network of four Bennett linkages has three degrees of freedom in general.

(a) (b)
Fig. 5.4.4 The reconstruction of the network of four Bennett linkages: (a) the network with
only Bennett linkages A, B and C; (b) isomerize link-pair a/« ~d /& to form Bennett
linkage D.
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When the relative positions of certain joints on the peripheral loop of the network are
fixed, the mobility of the network will be reduced accordingly. In the meanwhile, we can use
the link-pair replacement method to reduce the number of links on the peripheral loop and
then remove the four links in the center to form a single-loop overconstrained linkage. The
resultant linkages will be investigated individually for identification. Since the original
network has three degrees of freedom, we shall at least apply the link-pair replacement twice
on the peripheral loop to reduce the mobility of the network to only one. The following
procedures are designed to reconfigure the network of four Bennett linkages:

e Firstly, select any two link-pairs on the peripheral loop of the Bennett network to

perform link-pair replacements;

e Then, remove the four links and joint O at the center to make it single loop;

e Finally, identify the mobility and property of the resultant linkage.

Note that a solid dot “e” is used to represent the joint that is going to be replaced and a

hollow dot “o” is used to represent the joint where no actions are performed.

5.4.3 6R Linkages Achieved From the Reconfigurable Bennett Network

(1) Case 1: Joints 1 and 5 are selected

As shown in Fig. 5.4.5(a), link-pair replacement is performed on selected joints 1 and 5. The
original link-pairs 81-12 and 45-56 are replaced by new links 82 and 46, respectively. After
replacement, the relative position between joints 8 and 2 is rigidified by link 82, which is the
same for joints 4 and 6. The number of joints and links on the peripheral loop is reduced from
eight to six. A single-loop overconstrained 6R linkage can be obtained after removing the

four links and joint O at the center.
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(@) (b)

Fig. 5.4.5 The construct illustration of the case 1 linkage: (a) the schematics of the
reconfiguration process for case 1 linkage; (b) linkage identification of the case 1 linkage
after reconfiguration.

As shown in Fig. 5.4.5(b), Bennett linkages B and D are superposed on joint O and they
share the same Bennett ratios on each link, the resultant linkage in case 1 can be identified as
the Waldron’s hybrid 6R linkage with zero offset on joint 0 (Waldron, 1979), which has one

degree of freedom. Alternatively, we can perform the link-pair replacement on joints 3 and 7

to achieve the same resultant linkage.

(2) Case 2: Joints 2 and 5 are selected

As shown in Fig. 5.4.6(a), link-pair replacement is performed on selected joints 2 and 5. The
original link-pairs 12-23 and 45-56 are replaced by new links 13 and 46, respectively. After
replacement, the relative position between joints 1 and 3 is rigidified by link 13, which is the
same for joints 4 and 6. The number of joints and links on the peripheral loop is reduced from
eight to six. A single-loop overconstrained 6R linkage can be achieved after removing the

four links and joint O at the center.
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(@) (b)

Fig. 5.4.6 The reconfiguration of the Bennett network into the case 2 linkage: (a) the
schematics of the reconfiguration process of case 2 linkage; (b) linkage identification of the
case 2 linkage after reconfiguration.

We can identify the resultant linkage by inspecting its special case when link-pairs 12-23
and 45-56 are collinearly rigidified in Fig. 5.4.6(b). When link-pair 45-56 is collinearly
rigidified, Bennett linkage C will contract into a straight line and therefore joints 0 and 5 are
constrained along this line. From the combination between Bennett linkages A, B and D, we
can identify the linkage in Fig. 5.4.6(b) as a variant of the L-shape Goldberg 6R linkage
proposed by Baker (1993a). A more generalized case will be obtained when link-pairs 12-23
and 45-56 are not collinearly rigidified. Thus, the resultant linkage in case 2 is a generalized
variant of the L-shape Goldberg 6R linkage and it has one degree of freedom. Alternatively,
we can perform link-pair replacement on joint n and the third joint before or after joint n to

achieve the same resultant linkage.

(3) Case 3: Joints 2 and 4 are selected
As shown in Fig. 5.4.7(a), link-pair replacement is performed on selected joints 2 and 4. The
original link-pairs 12-23 and 34-45 are replaced by new links 13 and 35, respectively. After

replacement, the relative position between joints 1 and 3 is rigidified by link 13, which is the
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same for joints 3 and 5. The number of joints and links on the peripheral loop is reduced from
eight to six. A single-loop overconstrained 6R linkage will be achieved after removing the

four links and joint O at the center.

(@) (b)
Fig. 5.4.7 The reconfiguration of the Bennett network into the case 3 linkage: (a) the
schematics of the reconfiguration process of case 3 linkage; (b) linkage identification of the
case 3 linkage after reconfiguration.

To identify the resultant linkage, we can inspect the loop connected by joints 1, 3, 5, 6, 0
and 8, which is a generalized L-shape Goldberg 6R linkage (Goldberg, 1943). As shown in
Fig. 5.4.7(b), when replacing link-pair 60-08 by link-pair 67-78, an isomerized case of the
linkage will be obtained (Wohlhart, 1991b). Therefore, the resultant linkage in case 3 is an
isomerized case of the generalized L-shape Goldberg 6R linkage which has only one degree

of freedom. Alternatively, we can perform link-pair replacement on joints 4 and 6, 6 and 8 or

8 and 2 to achieve the same resultant linkage.

(4) Case 4: Joints 2 and 6 are selected
As shown in Fig. 5.4.8(a), link-pair replacement is performed on selected joints 2 and 6. The
original link-pairs 12-23 and 56-67 are replaced by new links 13 and 57, respectively. After

replacement, the relative position between joints 1 and 3 is rigidified by link 13, which is the
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same for joints 5 and 7. The number of joints and links on the peripheral loop is reduced from
eight to six. A single-loop overconstrained 6R linkage will be achieved after removing the

four links and joint O at the center.

(@) (b)

Fig. 5.4.8 The reconfiguration of the Bennett network into the case 4 linkage: (a) the
schematics of the reconfiguration process of case 4 linkage; (b) linkage identification of the
case 4 linkage after reconfiguration.

The resultant linkage can be identified as a generalized Wohlhart’s double-Goldberg 6R
linkage (Wohlhart, 1991a), see Fig. 5.4.8(b), which has only one degree of freedom.

Alternatively, we can perform link-pair replacement on joints 4 and 8 to achieve the same

resultant linkage.

(5) Reconfiguration among Different Cases

The link-pair replacement method could also be used to reconfigure the resultant linkage
from one case to another. Take the example of the reconfiguration from case 4 to case 3 of
the 6R linkage, as shown in Fig. 5.4.9. The only difference between these two cases is that
joint 6 is selected for link-pair replacement in the case 4 linkage; while joint 4 is selected for
link-pair replacement in the case 3 linkage. Therefore, we start by performing link-pair
replacement on joint 4 in the case 4 linkage in Fig. 5.4.9(b). Then in Fig. 5.4.9(c), the link-

pair replacement on joint 6 will be removed to release the constraint on joint 6. As a result,

130



Chapter 5 Reconfigurable Mechanism Design

the reconfiguration from case 4 into case 3 is achieved. This procedure can be extended to the

reconfiguration between other cases following a similar procedure.

8

(©)

Fig. 5.4.9 The reconfiguration process from case 4 to case 3: (a) the case 4 linkage where
joints 2 and 6 are selected for link-pair replacement; (b) reconfiguration process from case 4
linkage into case 3 linkage; (c) the case 3 linkage where joints 2 and 4 are selected for link-
pair replacement.

5.4.4 5R Linkages Achieved From the Reconfigurable Bennett Network

There are some special cases that a 5R linkage can be obtained after the link-pair replacement
of this Bennett network. As shown in Fig. 5.4.10(a), link-pair replacement is performed on
selected joints 1 and 2. Since these two joints are adjacent to each other, we need to firstly
replace link-pair 81-12 by a new link 82 and then replace the new link-pair 82-23 by another
new link 83. After doing so, the relative position between joints 8 and 3 is rigidified by the

new link 83.
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(@) (b)

Fig. 5.4.10 The reconfiguration of the Bennett network into a 5R linkage: (a) the schematics
of the link-pair replacement on joints 1 and 2; (b) the schematics of the network divided into
two halves.

To find out the mobility of the resultant network, the original network is split into two
halves in Fig. 5.4.10(b). When the link-pair replacement is performed on joints 1 and 2, the
left half of the network comprising of Bennett linkages A and B becomes immobile. As a
result, link-pair 80-04 on the left half of the network is fixed, i.e., the relative position
between joints 8 and 4 is fixed. From the construction of the generalized Goldberg 5R linkage,
we can conclude that only the right half of the network will be mobile and it is actually a
generalized Goldberg 5R linkage with mobility one. By combining the two halves back

together and removing the four links inside the loop, the resultant linkage is a generalized

Goldberg 5R linkage with mobility one.

The serial combination between two Bennett linkages shown in Fig. 5.4.11 is comprised
of two Bennett linkages superposed on a commonly shared link 05. Since each Bennett
linkage has one independent revolute variable, this network has two degrees of freedom in
total. To rigidify this network, both revolute variables must be fixed, i.e., one link-pair from

each Bennett linkage must be fixed. This is why the left side of network in Fig. 5.4.10(b)
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becomes immobile when performing link-pair replacement on joints 1 and 2 simultaneously.
As a result, there will be only 5 movable joints in the resultant linkage, including joints 4, 5, 6,
7 and 8. In fact, a generalized Goldberg 5R linkage will be obtained when perform link-pair

replacement on any two adjacent joints of the peripheral loop.

Fig. 5.4.12 The schematics of the case when joints 1 and 3 are selected for link-pair
replacement.

Similar conclusion can be drawn when joints 1 and 3 are selected for link-pair
replacement in Fig. 5.4.12. The left half of the network will be immobile after the link-pair
replacement, including the link-pair on joint 2. The right half of the network is essentially a
generalized Goldberg 5R linkage with only mobility one after removing the four links inside
the loop. The same resultant linkage will be obtained when selecting joints 3 and 5, 5 and 7 or
7 and 1 for link-pair replacement. We can use the same method in section 5.4.3 to reconfigure

between the 5R and 6R linkages achieved from the network.
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5.4.5 4R Linkage Achieved From the Reconfigurable Bennett Network

It is worth discussing the possibilities to achieve a Bennett linkage, which is the only single-
loop overconstrained 4R linkage, out of this reconfigurable Bennett network. As shown in the
above cases, after performing the link-pair replacements twice on the peripheral loop of the
reconfigurable Bennett network, the resultant linkage becomes a single-loop overconstrained
6R or 5R linkages with mobility one. By further applying the link-pair replacement on this
network, the number of links and joints can be reduced to four. However, this operation is
equivalent to adding another constraint to the 5R and 6R linkages obtained in sections 5.4.3

and 5.4.4, which will make the resultant linkage immobile.

ctd/y+6
1 -0
atb/a+p
2 o
ctd/y+é

Fig. 5.4.13 A special case of the link-pair replacement on the reconfigurable Bennett network.

There are two special cases of the network that are worth noticing. One case is when the
link-pairs on joints 1, 3, 5 and 7 are constrained into a line, and therefore the resultant
network will contract into a line, which is a trivial configuration. The other case is when the
link-pairs on joints 2, 4, 6 and 8 are constrained into a line as shown in Fig. 5.4.13. In this
case, the resultant network will have only four movable joints and a single-loop mechanism
can be achieved after removing the four links at the center. Such operation requires the

geometry conditions of links a/«, b/, c/y and d/J& to meet the requirement of Bennett

ratios on the composite links as follows,
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sin(a+ﬂ)=5in(7/+5) (5.4.1)
a+b c+d ' N

so that the Bennett linkage can be achieved. This 4R linkage achieved from this
reconfigurable Bennett network is actually a special case of the Kempe’s planar mechanism.
Research about this part was already discussed in detail by Goldberg (1946). Overall, it is
possible to obtain a 4R linkage from the proposed reconfigurable Bennett network in an
indirect way by changing the geometry conditions, which is different from the link-pair

replacement method proposed above.

5.4.6 Summary

In section 5.4, the method of link-pair replacement is proposed and applied to a designated
reconfigurable Bennett network to change its topological structure. The effective number of
links and joints on the Bennett network is reconfigured after link-pair replacement, which
leads to different types of single-loop overconstrained 6R and 5R linkages. On the other hand,
we can also use the link-pair replacement method to reconfigure the resultant linkages into
different cases of the 6R and 5R linkages. The 4R linkage obtained from the network requires
further modifications in geometry conditions and therefore cannot be reconfigured directly
using the line-pair replacement method. The proposed Bennett network demonstrates the
capability of fulfilling multiple tasks in different operation modes based on solely one

mechanism and therefore can be categorized as reconfigurable mechanism (Kuo et al., 2009).

Since the sequence of joints is circular in Fig. 5.4.3, we only need to cover the choices of
joints n/n+1, joints n/n+2, joints n/n+3 and joints n/n+4, which are summarized in Table 5.4.1.
For example, when selecting joints n/n+1 to perform the link-pair replacement, all of the

resultant linkages will be generalized Goldberg 5R linkages. When selecting joints n/n+2 to
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perform the link-pair replacement, if starting from odd number like odd/odd+2, the resultant
linkages will be generalized Goldberg 5R linkages; if starting from even number like
even/even+2, the resultant linkages will be isomerized case of the generalized L-shape
Goldberg 6R linkages. The rest cases could be summarized in a similar manner in Table 5.4.1.
These linkages were originally derived using different methods. Now, we can conveniently

correlate them under a common construction basis using the same method.

Table 5.4.1 The linkages reconfigured from the network of four Bennett linkages.

General Joints to be selected for link-pair replacement Specific
linkage type Original sequence Generalized sequence linkage type
Waldron’s hybrid 6R
1/5, 317 odd/odd+4 linkage with zero

common offset

Generalized variant of

1/4, 215, 316, 4/7, 5/8 n/n+3 the L-shape Goldberg
6R linkages 6R linkage
Isomerized case of the
2/4, 416, 6/8, 8/2 even/even+2 generalized L-shape
Goldberg 6R linkage
Generalized
2/6, 4/8 even/even+4 Wohlhart’s double-
Goldberg 6R linkage
1/2, 213, 3/4, 4/5, 5/6, .
5R linkages 6/7, 7/8, 8/1 nn+1 Generalized Goldberg
173, 4/5, 5/7, 711 odd/odd+2 SR linkage

Bennett linkage

4R linkages 2/4/6/8 even joints (Special geometry
constraint is required)

Trivial

configuration 113/5/7 odd joints N/A

Besides the proposed network with four Bennett linkages, this link-pair replacement
method can be applied to other networks as well. Two such examples are presented in Fig.
5.4.14. When the link-pair replacement method is applied to the network in Fig. 5.4.14(a), the
L-shape Goldberg 6R linkage and its variant can be derived subsequently. When the link-pair
replacement method is applied to the network in Fig. 5.4.14(b), the serial Goldberg 6R

linkage and its variant can be derived in a similar manner.
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(@) (b)

Fig. 5.4.14 Two different types of reconfigurable Bennett network: (a) the serial three-
Bennett network; (b) the L-shape three-Bennett network.
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Chapter 6

Conclusions and Future Work

6.1 CONCLUSIONS

Research works in previous literatures demonstrated continued interests in the topic of
overconstrained linkages. However, there lacks of a systematic study into the relationship
among the large number of linkages found, which hinders the potential applications of such
advanced mechanisms. This dissertation set out from this goal to provide a substantial
advancement in the systematic organizations of existing overconstrained linkages and

conceptual designs of reconfigurable mechanisms.

In the study of overconstrained 4R linkage, this dissertation used the special geometries of
Bennett linkages with different setups to construct different types of overconstrained 6R
linkages. The existence of these two setups is caused by the trigonometric relationship and
the linear closure conditions of the revolute variables. However, the existence of the line-
symmetric setup and the asymmetric setup of the Bennett linkage did not draw the necessary
attentions from researchers in related fields. When the number of links increases, the
complexity of the problem increases. As demonstrated in this dissertation, this result is
important not only in using the Bennett linkage as a construct unit to build linkages in the
Bennett-based family, but also in using its symmetric geometry to construct linkages in the
Bricard linkage family. Fundamental research work into the Bennett linkage and its

extensions is of great importance to the future applications of overconstrained linkages.
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In the study of overconstrained 5R linkage, this dissertation explores different methods to
use such 5R linkages as the building block to construct overconstrained 6R linkages. The
method of common link-pair, which was developed by Wohlhart; and the method of common
Bennett-linkage, which is developed in this dissertation, are used to find all possible
overconstrained 6R linkages that could be constructed using two overconstrained 5R linkages
as the building blocks. As a result, a series of double-Goldberg linkage families are
systematically organized. Three sub families of Wohlhart’s double-Goldberg linkage family,
mixed double-Goldberg linkage family and double-subtractive-Goldberg linkage family are
obtained when different combinations of Goldberg 5R linkage and subtractive Goldberg 5R
linkage are used. The most generalized form of the double-Goldberg linkage family is the
case when two generalized Goldberg 5R linkages are used. As a result, a large number of
linkages are covered under this linkage family, which provides a sufficient source of design

for reconfigurable mechanisms.

In study of overconstrained 6R linkage, this dissertation contributes in a few aspects.
Firstly in the Bennett-based linkage family, this dissertation systematically organized all
possible linkages in the double-Goldberg linkage family, whose relationship were previously
unclear in literatures. Furthermore, the existence of an extra link is identified in the geometry
conditions of the double-Goldberg linkage families, which could be useful in reconfiguring
the spatial configuration of the resultant linkages in future applications. Secondly in the
Bricard linkage family, this dissertation explicitly derived the closure equations of the
original and revised general line-symmetric Bricard linkages. The revised general line-
symmetric Bricard linkage has negatively equaled offsets on the opposite joints, which shares
certain similarity with the original linkage but lack of the analytical investigation into its

explicit kinematics. It is found in this dissertation that there are two different linkage forms
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for both the original and revised linkages, and the revised case is actually equivalent to the
original case with different setups on the joint axis directions. This is caused by the limitation
of DH parameters, which failed to distinguish the identities of such special geometries. The
result about the general line-symmetric Bricard linkage also provides the analytical proof that
the line-symmetric octahedral Bricard linkage is just its special case. For the special case of
the line-symmetric Bricard linkage with no offset, the geometry conditions of the original and
revised general line-symmetric Bricard linkage become identical. As a result, the resultant
four linkage forms, two from the original linkage closure and two from the revised linkage
closure, could transform into each other through bifurcations, which makes them a good
source of design for reconfigurable mechanisms. However, the two revised linkage closures
could be alternatively represented using the original linkages by adding or deducting = on

the twists of one pair of opposite links.

In this dissertation, several conceptual designs of the reconfigurable mechanisms are
proposed using the overconstrained linkages. The first reconfigurable mechanism is based on
an overconstrained 6R linkage which can be reconfigured into a 4R linkage through
bifurcations. The results in chapters 3 and 4 demonstrate the close connection between
overconstrained 6R and 4R linkages. By using the original and subtractive cases of Type I
double-Goldberg linkage as the source of design, the operation form of a 4R linkage is
introduced to the existing bifurcation loop of these 6R linkages using analytical method. By
using the general line-symmetric Bricard linkage as the source of design, the same goal is
achieved using geometric method. A reconfigurable line-symmetric Bricard linkage is formed
by using a Bennett linkage in different setups to bridge two identical spatial triangles. When
the line-symmetric Bennett linkage is used, the resultant linkage shares the same geometry

properties of the original line-symmetric Bricard linkage with one pair of revolute variables
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reaching their limiting positions. When the asymmetric Bennett linkage is used, the original
line-symmetric geometry of the linkage is disrupted. As a result, a new kinematic path is
introduced to the resultant linkage’s bifurcation loop, which makes this linkage capable of

reconfiguration between 4R and 6R linkages through bifurcation points.

The second design is aimed at reconfiguring the topology of a designated network of
Bennett linkages with different operation forms. Based on the geometry of the spatial triangle,
a generic method of link-pair replacement is developed to determine and simplify the relative
position of a fixed link-pair with a new link. A network of four Bennett linkages is taken as
an example to demonstrate two different reconfiguration processes. The first process is to
reconfigure the designated Bennett network into different cases of single-loop
overconstrained linkages with only one degree of freedom. As a result, five cases of
overconstrained linkages are obtained from this network using this method. The second
process is to reconfigure the resultant linkage from one case into another, which is applicable
for all resultant linkages. By changing the Bennett network into other topologies, i.e., the L-
shape network of three Bennett linkages or the serial network of three Bennett linkages,
different overconstrained linkages could be achieved. The result in this part provides a

significant design methodology for reconfigurable mechanisms.

6.2 CONTRIBUTIONS

In this dissertation, a number of mechanism design issues are addressed to use the
overconstrained linkages in the conceptual designs of reconfigurable mechanisms. The
framework developed here provides a comprehensive understanding of overconstrained
linkages, as well as the analytical, construct and generic methods that could be used to design

reconfigurable mechanism using overconstrained linkages. Throughout this dissertation, the
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focus is to explore the kinematics of the overconstrained linkage for a systematical
understanding of its topology and to apply them in reconfigurable mechanism conceptual
designs. The key to achieve this goal is to formulate the correlation among various types of
the overconstrained linkages, and then to investigate methods that could be used to design
and reconfigure desired linkages. The ultimate goal is to apply overconstrained spatial
linkages in reconfigurable mechanism designs, so that certain sophisticated and complex
engineering applications could be accomplished. The contributions of this research are as
listed:

Chapter 3

i. Based on the combination between two overconstrained 5R linkages, a systematic
organization of all possible linkages in the double-Goldberg linkage family is made,
which includes a large number of linkages in the Bennett-based linkage family;

ii. A new mixed double-Goldberg 6R linkage family is built and analyzed using the
common link-pair and common Bennett linkage methods to combine a Goldberg 5R
linkage and a subtractive Goldberg 5R linkage;

Chapter 4

iii.  The kinematic analysis to the original and revised general line-symmetric Bricard
linkages is performed, where new linkage closures are analyzed and derived,

iv.  The kinematic bifurcations among the four forms of the original and revised line-
symmetric Bricard linkage without offsets are studied;

Chapter 5

v.  Multiple operation forms and bifurcation behaviors of the double-subtractive-
Goldberg 6R linkage, Wohlhart’s double-Goldberg 6R linkage and the first
reconfigurable line-symmetric Bricard linkage are studied using analytical and

construct methods;
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vi.  The innovative construction of the reconfigurable line-symmetric Bricard linkage
using two spatial triangles bridged by a Bennett linkage in asymmetric setup;

vii. A new generic method of link-pair replacement is proposed to reconfigure the
topology of a network of Bennett linkages. The resultant linkages have only one
degree of freedom and can be reconfigured into each other using this generic method;

viii.  Based on the reconfiguration of a network of Bennett linkages, the relationship among

a number of linkages in the Bennett-based linkage family is systematically organized,

6.3 FUTURE WORK

There are still a number of topics to be explored in the area of overconstrained linkage
kinematics and its applications in advanced mechanism design. Besides the linkages listed in
chapter 2, there are overconstrained linkages that are not included in this dissertation, such as
the syncopated linkages. Research activities about the overconstrained linkage should not be
limited to the kinematics of each specific linkage individually. As demonstrated in this
dissertation, there is certain relationship among the overconstrained linkages which could be
useful in applying such advanced mechanism in reconfigurable mechanism designs. Future
research could focus on the applications of the overconstrained linkage in engineering

designs.

The families of Bennett-based linkages and Bricard linkages are just a general description
to generalize overconstrained linkages with similar characteristics. Such categorization could
never be complete and accurate as new linkages and methods will be discovered and
developed. Further research into the specific characteristics of certain linkage groups would
be beneficial in novel mechanism design. On the other hand, solutions to the overconstrained

linkages would be of great value for computational kinematics in robotics applications. The
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increasing sophistication and complexity in current robotic applications requires further
breakthroughs in mathematical tools for efficiency and accuracy. Research work in
overconstrained linkages provides the theory and engineering foundations to develop such

mathematical tools in the past decades, and will continue to contribute its value in the future.

It is already demonstrated in this dissertation that the overconstrained linkages could be a
significant source of advanced mechanism designs with sophisticated or complex functions.
In the reconfigurable mechanism with multiple operation forms presented in this dissertation,
the bifurcation behavior is emphasized with great attentions to enable the reconfiguration
between a 4R linkage and a 6R linkage. Limited by current technology in manufacturing and
control, such bifurcation behavior is usually avoided in classical mechanism design. The
result in this dissertation demonstrates the potential of designing overconstrained linkages
with desired bifurcation behaviors. One possible solution with engineering practicability is to
design the linkage in its alternative forms, where the complexity of machining each links and
joints could be largely reduced, and it could be much easier to attach actuator on the links for
control. Further research shall be explored in such areas to apply reconfigurable mechanisms

in solving certain engineering problems.

The result in the reconfigurable Bennett network explores a different way of
reconfigurable mechanism design based on overconstrained linkage. It is a generic method to
reconfigure the spatial configuration of a designated network of Bennett linkages. Future
research could be addressed on the special cases of such Bennett network, such as the case
when all Bennett linkages are identical to each other or the case when all Bennett linkages
share the same length to each other and etc. From historical experience, it is usually the

special cases of such designs that provide the most functionality and flexibility in
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applications. In future application-wise, we would like to see the reconfigurable mechanism
deployed in novel modular robotic design. In such a system, each modular mimics the
function of the basic link in the reconfigurable Bennett network, where the geometry
conditions of each modular could change on its own. The connection of these modular robots
could be reconfigured into different configurations to provide the necessary motion and

structural support for the sophisticated tasks in engineering applications and space missions.
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Appendix A:

The Singular Value Decomposition (SVD) Method

The SVD method tries to solve a linkage’s Jacobian matrix with a predictor and corrector
step (Gan and Pellegrino, 2006). To conduct this numerical scheme, the transformation

matrix in (Al) is decomposed into two matrices, one matrix contains only the information

about the revolute variable 6, marked as T”; while the other matrix contains information

about the link length a;,,,, twist angle «;,,, and offset R; in the transformation, marked as
L

Ty - Thus,

CoSO, —COSa;,,,SING,  sina;;,,,SindG, 3, COSH,
sing,  coSa;,;, COSH,  —siNa;,,, COSH, 8., SING,

Tiay = ; ! (A1)
o 0 SIN &gy COS i) i
0 0 0 1
Ti(i+1) = Ti(Li+1)Ti9, (A2)
where
1 0 0 8(is1)
T 0 cosayyy -—Sing;, O (A3)
W0 singy., cosa. R
0 0 0 1
and
cosd, -—sing. 0 O
T _ sing cos¢, 0 O »
oo o 1o (A4)
0 0 01

The closure equation below
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T T T Ty T T =1, (A5)

becomes
(T T ey ™ e STy )= 1. (A6)
Consider small geometry changes of the linkages configurations from 6, to 6 + A6,

(i=1,2,...,6) with no deformation on any link. The linkage closure must also satisfy in the

new configurations

(T Ty T KT KT T T )= 1. (A7)
If A@ is very small, after operating Taylor expansion of the revolute variables and
eliminating the higher-order terms, the transformation matrix of the revolute joint is

[cos(6, +AB,) —sin(6,+A6,) 0 0
o0 sin(@, + AG,) cos(6, +A6,) 0 0
' 0 0 10
0 0 01
[—sind  —cosé,

0 (A8)
cosd, -—sing, O

1

0

Ab,
0 0

0 0
T/ +T/°A6,.

O O O

Substituting (A8) into (A7) will get

TS(T2 + T2 AG TE (T2 +T17A0, JTL (T2 + T1AG,)...

TL(TY + T80, TS (T + 2080, T (T2 + 10806, )=1, (A9)

R H) (S WAV e ) L e
+ (T T s (i Ty (T e NTaTe Jne,
+ (Tllé T10 XTZL3 T2”9 XT3|;1 Tif XT4L5 Tf XTSIES -I-Sl9 XTGI?I.T: )A 62 (AlO)
+ (T Ty T T T T T2 (T g, =1,
Because of (A6), it can be derived that
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TA6, +T,A0, + T,AO, + T,A0, + T.AG, + T,AG, =[0], (A11)

where T, = (Tlng' ¢ XTZLSTZH XT3L4T39 XTALSTf XTSLaTSH XT6L1T60 ) etc., whose forms are similar as

Ti — 112 23 124 . (A12)

Due to the skew-symmetry property, each T, has only 6 independent parameters, which will

form the Plucker coordinates of each joint axis. This yields a 6x6 system of equations,

whose coefficient matrix is known as the Jacobian of the system.

Tllyz Tzl‘ , Tsl‘ , T41v . T5L2 Tely , A 6, 170
T, T, T, T, T, T |A6,] |0
le3 sz T32,3 T4213 Tsz3 Te“ A, _ 0 | (AL3)
Tlu TzL4 T3L4 T4L4 T51,4 T61,4 AG, 0
T12,4 sz T32‘4 T42,4 TSM T5z,4 A0, 0
T,, T, T, T, T, Te. | A6] |O]

When the system has mobility one, the matrix in (A13) will be with rank of 5 rather than full
rank 6. This implies that there is a single set of infinity solutions to the matrix in (A13) and
the six Pliicker coordinates of the linkage are linearly dependent, which leads to the
conclusion that the linkage has an internal degree of mobility. The solution to (A13) is the
infinitesimal displacement of the linkage at current configuration, which can be found by

computing the singular value decomposition (SVD) of the Jacobian matrix.

In the numerical simulation, a small finite displacement, A8° (i = 1, 2, ..., 6), which is
called predictor and is proportional to the infinitesimal solution of (A13), is added to &, to

update the linkage in the predicted configuration, 6° =6 + A6° . However, this linear
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relationship is very likely to induce errors to the kinematic paths, which is mostly non-linear.

Therefore, under the predicted configuration, (A6) becomes
(TlliTlgp XTstT;p xTallTagp XTAIBTA?J XTSI;STSHp XTE)‘Lng) ) =1+E, (Al4)

where E is the error matrix.

A corrector, A6, is added to the predictor displacement so that the linkage moves
towards to the corrected configuration on the kinematic paths, i.e.
0" =0° + AO° =0, + AP + AG°, (A15)
under which (A6) is satisfied as
(TS T TS T T T TE T TE TN TETE ) =1 (A16)
From (A16)-A(14), it can be obtained that
TPAG +TJAO; + TLAO; + TAG, + TPAO; + TPAG; =E. (A17)
where TP = (Tlngp XTZLsTf" XT3L4T3‘9p )(T4L5Tfp XTSLeTS‘“’ )(TeLngp ) , etc. The solution to (A17) can be
obtained from the same SVD method as (A13). The new configuration will be used as the

configuration for the next iteration in simulation. After a number of iterations, the full

kinematic paths of the linkage could be found.

149



Appendix B:

Proof to the Relationship in Eq. (5.2.35)

After introducing the special geometry condition to the closure equations of double-

subtractive-Goldberg linkage, we can simplify P,; in Egs. (5.2.4) and (5.2.5) by m, =-m,

and m; = -m,
1

Posg ==

DSG 2

_1

2

For Form I linkage, we have

The sign of

o,
m, —m, tan® -+

e Casel: m,—m, tan® % >0 always hold

tan %
2

150

as follows.
_ — }
m, +m, tan® -+ (m6+mltan221j
2
(ms - ml) (ms - m1) ) —4m,m
(m, —m, Jtan == (mg —m,)* tan® == @
m, +m, tan® -+ |m, —m, tan® >
- 5 6
tan—= tan—* ‘
2 2
1 m6+m1tanZﬁ m6—m1tan2ﬁ
> - 21| (-r<6,<0),
tan tan—* 8o
PDSG = 0 (82)
1| Me+mtan® =t mg—m, tan® %
> ; ; 21| (0<6,<x).
tan—* tan—*
2 2

: L 0
2‘ determines the result, which is related to m, , and tangl.
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6,
m, —m, tan® >

When -7 <6, <0, tan% <0, therefore < 0. For Form I linkage,

tan -1
2

0. 0.
m. +m, tan® =+ m. —m, tan® —*
L R SN I 2 | N LU (B3)
2

tan 921 tan —

PDSG =

o,
m, —m, tan® -+

When 0<6, <, tan% >0, therefore > 0. For Form | linkage,

tan &
2
6, 6,
m, +m, tan® -1 m, —m, tan® -*
] B B 2 § B L1 (B4)
DSG 2 91 91 01 !
tan > tan tan
For 6, €[~ ,0) or [0, ) in the Form I linkage, we will always have
M
tan—-tan—= = tan = - 2) _10or 0,+0, ==%r.
2 2 2 —m,

which make the curve of 6, vs. 6, is a straight line. To be specific, for 6, e[z, 0),

6, +6, =—r and for 6, €[0, ), 6,+6,=x.

e Case2: m,—m, tan’ % <0 always hold

P m, —m, tan® o
When -7z <6, <0, tan-* <0, therefore o 21>0. For Form | linkage,
2 tan 1
2
1| M +m,tan’ 921 me —m, tan’ a 0 (B6)
Posc ==| - 7 +| + 7 =-m, tan—-%,
2 tanz1 tan =+
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6,
m, —m, tan® >

When 0<6, <7, tan% >0, therefore

tan &
2
1 m6+m1tanzi mG—mltanZi 0
Pose = 5|~ 2 _|- =-m, tan—*
2 o, o, 2
tan?l tan =+

For 6, [~ ,0) or [0, z) in the Form I linkage, we will always have

(— m, tan 91)
G\ - 2)

o
tan L tan = = tan
2 2 -m, m,

Instead, for 8, € [ 7, 0) or [0, ) in the Form 11 linkage, we will always have

tanﬁ-tanﬂ:tanﬁ- il
2 2

2 (— m, tan Hl}
2

=lorf +6,==%r.

< 0. For Form I linkage,

:ﬂtanz% or 6, +6, #+r.

(B7)

(B8)

(B9)

In this case, the curve of 8, will become a straight line. To be specific, for the domain of

6, €[-7,0), 6,+6, = -z and for the domain of 6, €[0, z), 6,+6, = .

e Case 3: the sign of my —m, tanz% changes with 6,

. . /m
By solving for the critical value, we have 6, =+2tan™_|—% when m, —m, tan® % =0.

m,

m,

= When —z<6, <—tan™_|—2, we have tan%<0 and mz—mltan2%<0. For

m

Form 1 linkage, the same solution is the same as in Eq. (B6).

= When —tan™ /&391<0, we have tan%<0 and mz—mltan2%>0. For
ml

Form I linkage, the same solution is the same as in Eq. (B3).

152



Appendix B: Proof to the Relationship in Eq. (5.2.35)

= When 0<g, <tan™ /ﬂ,we have tan%>0 and mz—mltan2%>0. For Form |
ml

linkage, the same solution is the same as in Eq. (B4).
4 |m, 6, , 6,
= When tan™ |— <60, <7, we have tan?>0 and m, —m, tan ?<O. For Form
ml

I linkage, the same solution is the same as in Eq. (B7).

From the results in Case 1 and Case 2, it is obvious that in Case 3, only part of the curve

of the Form I linkage will have 6, + 6, =tz . To be specific:

= for Hle[—zz,—tan‘l /&J 0,+6,=—r;
ml
= for of el{—tan1 M tan-t ﬂj 0, +6, #+x;and
\'m, \ m,

= for Hle{tanl ﬂ,ﬂj,01+(95=7f.

1
Therefore, on the kinematic paths, when ¢, takes different values, part of the curves of
Form 1 will present as a straight line, which also applies for the Form Il linkage. Similar
conclusions can be drawn between &, and 6, when following exactly the same process as

above.

The derivation and results for the Wohlhart’s double-Goldberg linkage could be carried
out in the same manner as the double-subtractive-Goldberg linkage shown above, where we

will derive 6, + 6, =0 for different cases of parameters and it is unavoidable to have part of

the kinematic paths to present as a straight line.
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Appendix C:

Solutions to Egs. (5.3.16) and (5.3.17)

The solutions to Egs. (5.3.16) and (5.3.17) could be generalized into the set of equations:

, singsin g,
tan @ = —— . : (C1)
sin £ €osd +€os £sin 6 cos b,
— Bterm, +,/Bterm’ —4Aterm, - Cterm

tan&: term, \/te 5 term, -Cte 2 (C2)

2 2Aterm,

: o,
tan @, = tan=-. (C3)
By substituting Egs. (C3) and (C1) into Eq. (C2) to eliminate &,, we will get

Aterm, - tan’ @, + Bterm, - tan §; + Cterm, =0, (C4)

where Aterm,, Bterm, and Cterm, are functions of 4, as follows.

Aterm, = (A, sin@, + B, cosé, + L,)—(D, + F,sin @, + H, cosé,)
Bterm, = 2(C, + E, sin 6, + G, cos ), ) (C5)
Cterm, = (A, sin 6, + B, cosé, + L,)+(D, + F,sin @, + H, cos 6, ).

= +(a34 SiN @, COS @3 + 3y, SiN 0534)

B, = —(R,sin o, COs a,, SiN @y, + R, SiNry, Sin )
C, = +(ay sina,, cosa,, + a, sina,;,)

D, = —(R, Sin &, SiN @5 COS a1y, + R, SiN aty, SiN ar,, )
E, =+R;sina,;sina,,

F, = +(ay, COS a,, Sin at,, + 8,5 SiN 2, ) (C6)
G, = +(ay, cosa, sina, + ay, Sina,;)

H, = —R, cosa,, Sin a,, Sin a,

L, = +R,(cosa,, cOs ar,, + COS s, ) + R,(COS 5 + COS 2y, COS 2, )

+ Ry (L + cos @y, COS @y, COS a1y, )

By substituting Egs. (C5) and (C6) into Eq. (C4), we will get an equation about &, as follows,

154



Appendix C: Solutions to Egs. (5.3.16) and (5.3.17)

A-sing, +B-cosé, +C =0, (C7)

where

(A, —F,)tan? @, + 2E, tan &, + (A, - F,)
(B, —H,)tan’ @, +2G, tan @, + (B, - H,) (C8)
=(L,-D,)tan’ @} +2C, tan&; +(L, - D, ).

A
B
C
After half-tangent transformation of the sin g, and cosé, in Eq. (C7), we can derive that

(C—B)-tan2%+2A-tan%+(C+B):O. (C9)

By solving Eqg. (C9), we can derive that

2 2 _ (2
tan%z—Ai«/é +BB c’ (C10)

Therefore, the positive result of Eq. (C10) is the solution to Eq. (5.3.16), while the negative
result of Eqg. (C10) is the solution to Eq. (5.3.17). The symbols are determined in Egs. (C1),

(C6) and (C8).
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